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Only one thing: Most scalable algorithmic paradigm into future
cf. https://aiichironakano.github.io/cs653.html



Divide-&-Conquer Algorithms

• N-body problem: O(N2) → O(N) 
 > Space-time multiresolution molecular dynamics (MRMD):  
  Fast multipole method & symplectic multiple time stepping 
• Variable N-charge problem: O(N3) → O(N) 
 > Fast reactive force-field (F-ReaxFF) MD: Multilevel preconditioning 

• Quantum N-body problem: O(CN) → O(N) 
 > DC density functional theory (DC-DFT): Adaptive multigrids

DC for (1) O(N) algorithms & (2) scalability > P = 105 



Divide-Conquer-Recombine (DCR)
Divide-and-conquer Recombine

• Lean divide-&-conquer density functional theory (LDC-DFT) algorithm minimizes 
the prefactor of O(N) computational cost in quantum molecular dynamics

 Shimojo et al., J. Chem. Phys. 140, 18A529 (’14); Nomura et al., IEEE/ACM SC14;
 Romero et al., Comput. Sci. &Eng. 21, 64 (’19); Tiwari et al., IEEE HPCAsia20

• Extended-Lagrangian reactive molecular dynamics (XRMD) algorithm eliminates 
the speed-limiting charge iteration

 Nomura et al., Comput. Phys. Commun. 192, 91 (’15); Liu et al., IEEE/ACM ScalA18

M. Kunaseth et al., ACM/IEEE SC13

Range-limited n-tuple
computations



Mapping DCR to Hierarchical Hardware

• Topology-preserving 
computational-space 
decomposition

• Computational cell ⊂ 
thread ⊂ processor ⊂ 
processor group 

• AI-based computation/ 
data layout tuning

• Wavelet-based adaptive 
load balancing

• Spacefilling-curve data 
compression for I/O

• Hybrid MPI + threads + 
SIMD (data parallel) 
programming Regular mesh topology 

in computational space, x
Curved partition 

in physical space, x

HCD: tunable hierarchical 
cellular decomposition



Scalable Global Communication

All-to-one (tournament): O(N)

• Quicksort
• Fast Fourier transform
• All-to-all reduction

All-to-all (hypercube): O(NlogN)

• Fast multipole method
• Multigrid method
• Wavelets
• All-to-one reduction

P < 103

P > 105
Exa-survivor



Multigrid Method
• Residual equation:

• Smoothing

• Coarsening (restriction) of residual & interpolation of error

Q P

Solve partial differential equation
by recursive coarsening



Adaptive Multigrids

Also, Shimojo et al., 
Phys. Rev. B 77, 
085103 (’08)



Wavelets

 

 

 

 

E. J. Stollnitz, T. D. DeRose, & D. H. Salesin, 
IEEE Computer Graphics Appl. 15(3), 76 (’95)

Used for image compression



Wavelets for Model Reduction



Hypercube Sort

 



Basis: Quicksort

IEEE Comput. Sci. Eng. 2(1), 22 (’00) 

PHYS 516

CSCI 653

Comput. Phys. Commun. 
180, 669 (’09) 



Quicksort: Divide-&-Conquer
quicksort(int list[],int left,int right) {
  int j;
  if (left < right) {
    j = partition(list,left,right);
    quicksort(list,left,j-1);
    quicksort(list,j+1,right);
  }
}

0    1    2    3    4    5    6    7    8    9 

 [5    7    2    9    6    8    3    4    1    0]

 [3    0    2    1    4]   5   [8    6    9    7]

 [1    0    2]   3   [4]   5   [7    6]   8   [9]

 [0]   1   [2]   3   [4]   5   [6]   7 [] 8   [9]

• partition:  Given list[left:right], it first chooses the left-most 
element as a pivot; on return the pivot element is placed at the j-th 
position, &: i) a[left],...,a[j-1] are less than or equal to a[j]; ii) 
a[j+1],...,a[right] are greater than or equal to a[j]. 



Sequential Quicksort
void quicksort(int list[],int left,int right) {
  int pivot,i,j;
  int temp;

  if (left < right) {
    i = left; j = right + 1;
    pivot = list[left];
    do {
      while (list[++i] < pivot);
      while (list[--j] > pivot);
      if (i < j) {
        temp = list[i]; list[i] = list[j]; list[j] = temp;
      }
    } while (i < j);
    temp = list[left]; list[left] = list[j]; list[j] = temp;
    quicksort(list,left,j-1);
    quicksort(list,j+1,right);
  }
}



Parallel Quicksort
bitvalue := 2dimension-1;
mask := 2dimension - 1;
for L := dimension downto 1
begin
  if myid AND mask = 0 then
    choose a pivot value for the L-dimensional subcube;
  broadcast the pivot from the master to the other members of the subcube;
  partition list[0:nelement-1] into two sublists such that
  list[0:j] ≤ pivot < list[j+1:nelement-1];
  partner := myid XOR bitvalue;
  if myid AND bitvalue = 0 then
    begin
      send the right sublist list[j+1:nelement-1] to partner;
      receive the left sublist of partner;
      append the received list to my left list
    end
  else
    begin
      send the left sublist list[0:j] to partner;
      receive the right sublist of partner;
      append the received list to my right list
    end
  nelement := nelement - nsend + nreceive;
  mask = mask XOR bitvalue;
  bitvalue = bitvalue/2;
end
sequential quicksort to list[0:nelement-1]

 

Subcube master: 
         000

x00

xx0

pivot = avg(list elements)

100
111



Subcube Broadcast
bitvalue = nprocs >> 1;
mask = nprocs - 1;

for (L=dimension; L>=1; L--) {
  ...
  if ((myid & mask) == 0)
    Calculate the pivot as the average of the local list
    element values
  MPI_Bcast(&pivot,1,MPI_INT,0,cube[L][myid/nprocs_cube]);
  ...
  mask = mask ^ bitvalue;   /* Flip the current bit to 0 */
  bitvalue = bitvalue >> 1; /* Next significant bit      */
}



MPI Communicators

MPI_Comm cube[MAXD][MAXP];
MPI_Group cube_group[MAXD][MAXP];
...
MPI_Comm_size(MPI_COMM_WORLD,&nprocs_cube);
cube[3][0] = MPI_COMM_WORLD;
...
// At each level 
MPI_Comm_group(cube[L][c],&(cube_group[L][c]));
nprocs_cube = nprocs_cube/2;
for(p=0; p<nprocs_cube; p++) procs_cube[p] = p;
MPI_Group_incl(cube_group[L][c],nprocs_cube,procs_cube,&(cube_group[L-1][2*c  ]));
MPI_Group_excl(cube_group[L][c],nprocs_cube,procs_cube,&(cube_group[L-1][2*c+1]));
MPI_Comm_create(cube[L][c],cube_group[L-1][2*c  ],&(cube[L-1][2*c  ]));
MPI_Comm_create(cube[L][c],cube_group[L-1][2*c+1],&(cube[L-1][2*c+1]));
MPI_Group_free(&(cube_group[L  ][c    ]));
MPI_Group_free(&(cube_group[L-1][2*c  ]));
MPI_Group_free(&(cube_group[L-1][2*c+1]));

Recursive bisection of processor groups

c = myid/nprocs_cube



Hypercube Topology

• Hamming distance:  The total number of bit positions at which two 
binary numbers differ.

• In a hypercube network topology, two nodes are connected if their 
Hamming distance is 1.  The connectivity of a d-dimensional (or n-node) 
hypercube is thus d.  Since each link can change only one digit, the 
diameter is d or log2n.

Recursive hypercube construction algorithm
(1) A one-dim. hypercube has two connected nodes 0 & 1.
(2) A (d+1)-dim. hypercube is defined from a d-dim. hypercube:
a. Duplicate the d-dim. hypercube including node numbers.
b. Create links between nodes with the same number in the original & 

duplicate.
c. Append a binary 1 to the left of each node number in the duplicate, & a 

binary 0 to left of each node number in the original.

See Grama, Secs. 2.4.2-2.4.4

https://srmcse.weebly.com/uploads/8/9/0/9/8909020/introduction_to_parallel_computing_second_edition-ananth_grama..pdf


Hypercube

 

 

• log2n network interfaces required per node for an n-node parallel computer
• Hypercube algorithms only use direct network links



Analysis of Parallel Quicksort
for L := dimension downto 1
begin
  if master then
    choose a pivot value for the L-dimensional subcube;
  broadcast the pivot from the master to the subcube members;
  partition list[0:nelement-1] into two sublists such that
  list[0:j] ≤ pivot < list[j+1:nelement-1];
  if lower_partner then
    begin
      send the right sublist list[j+1:nelement-1] to partner;
      receive the left sublist of partner;
    end
  else if higher_partner then
    begin
      send the left sublist list[0:j] to partner;
      receive the right sublist of partner;
    end
  nelement := nelement - nsend + nreceive;
end
sequential quicksort to list[0:nelement-1]

logp

n/p
[1,logp]

n/p

n/p

n/p

(n/p)log(n/p)



The Landscape of Parallel Computing 
Research: A View from Berkeley

http://www.eecs.berkeley.edu/Pubs/TechRpts/2006/EECS-2006-183.html

7 dwarfs (dwarf = algorithmic method that captures a pattern 
of computation & communication) + 6 combinatorial dwarfs



A Metascalable Dwarf 
•  A metascalable (or “design once, scale on new architectures”) parallel 

computing framework: Reduce diverse applications (e.g., equation solvers, 
constrained optimization, search, visualization & graphs) to a scalable form 
using divide-conquer-recombine (DCR)

F. Shimojo et al., J. Phys.: Condens. Matter 
20, 294204 (’08); Int‘l J. High Perf. Comput. 
Appl. 22, 113 (’08); IPDPS09 (IEEE); SC14 
(IEEE/ACM); Comput. Sci. &Eng. 21, 64 
(’19); HPCAsia20 (IEEE)

•  The DCR framework encompasses all 7 dwarfs (algorithmic methods that 
capture computation & communication patterns):

 (1) dense linear algebra; (2) sparse linear algebra; (3) spectral methods; 
 (4) N-body methods;
 (5) structured grids;
 (6) unstructured grids;
 (7) Monte Carlo
 later expanded with 
 6 combinatorial dwarfs



Singlet Fission in Amorphous DPT

• Divide-conquer-recombine NAQMD (phonon-assisted exciton dynamics) + 
time-dependent perturbation theory (singlet-fission rate) + kinetic Monte Carlo 
calculations of exciton population dynamics in 6,400-atom amorphous DPT

• Move up from molecules to microstructures
• Challenge: Unprecedented 104-atom NAQMD simulation 
• Computational approach: Divide-conquer-recombine (DCR) NAQMD

Quasi-hole

Quasi-electron

DPT molecule

Amorphous DPT

NAQMD: 
nonadiabatic 
quantum 
molecular 
dynamics



DCR Engine in AIQ-XMaS Software Suite
AI & Quantum-Computing Enabled Exa-Materials Simulator

DCR
engine

https://cybermagics.netlify.app/software

https://cybermagics.netlify.app/software

