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Objectives
1. Task decomposition (parallel programming = who does what)
2. Scalability analysis: a key skill in parallel computing



Integral Representation of p
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Numerical Integration of 𝝅
• Integration

• Discretization:
 D = 1/N: step = 1/NBIN
 xi = (i+0.5)D (i = 0,…,N-1)

#include <stdio.h>
#define NBIN 1000000000
void main() {
 long long i; double step,x,sum=0.0,pi;
 step = 1.0/NBIN;
 for (i=0; i<NBIN; i++) {
  x = (i+0.5)*step;
  sum += 4.0/(1.0+x*x);
  }
 pi = sum*step;
 printf(“PI = %f\n”,pi);
}
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Larger N 
→ higher accuracy 
→ parallelization
 (big loop)

64-bit integer to handle large indices

See https://en.wikipedia.org/wiki/Chronology_of_computation_of_%CF%80

Sum of rectangular areas

height base

A big loop to 
parallelize



Parallelization: Who Does What?

...
for (i=myid; i<NBIN; i+=nprocs)
{
  x = (i+0.5)*step;
  sum += 4.0/(1.0+x*x);
}
partial = sum*step;
pi = global_sum(partial);
...

Interleaved assignment of 
quadrature points (bins) to 
MPI processes

myid = MPI rank
nprocs = Number of MPI processes

• Use double MPI_Wtime()to measure the running time in seconds

MPI_Comm_rank(MPI_COMM_WORLD,&myid)

MPI_Comm_size(MPI_COMM_WORLD,&nprocs)

Single program multiple data (SPMD)



Measuring Runtime
double MPI_Wtime(): Returns the elapsed wall-clock time in seconds since 
some time in the past. The “time in the past” is guaranteed not to change during the 
lifetime of the process 

See p. 9 in https://aiichironakano.github.io/cs596/02MPI.pdf

int main() {
  double cpu1, cpu2;

  MPI_Init(&argc, &argv);
  ...
  cpu1 = MPI_Wtime();
  /* Do computation here */
  cpu2 = MPI_Wtime();
  ...
  if (myid == 0) {
    printf("Nprocs & Global sum = %d %le\n", nprocs, pi);
    printf("Execution time (s) = %le\n",cpu2-cpu1);
  }
  ...
  MPI_Finalize();
  return 0;
}

https://aiichironakano.github.io/cs596/02MPI.pdf


Parallel Running Time
global_pi.c: NBIN = 107, on Discovery

Q: How Efficient Is the Parallel Program?

#SBATCH --nodes=16
#SBATCH --ntasks-per-node=1
...
mpirun -n $SLURM_NTASKS ./global_pi
mpirun -n 8 ./global_pi
mpirun -n 4 ./global_pi
mpirun -n 2 ./global_pi
mpirun -n 1 ./global_pi

16×1 = 16



Scalability Analysis

• Parallel computing = Solving a big problem (W) in a short 
time (T) using many processors (P)

• How W, T & P scale with each other?
• How to define the efficiency of a parallel program?

See Grama et al.,
Chap. 5—Analytical modeling of parallel programs

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=&cad=rja&uact=8&ved=2ahUKEwiwy4SN867rAhWDtp4KHQGgDcUQFjABegQIAhAB&url=http%3A%2F%2Fsrmcse.weebly.com%2Fuploads%2F8%2F9%2F0%2F9%2F8909020%2Fintroduction_to_parallel_computing_second_edition-ananth_grama..pdf&usg=AOvVaw0egjJYejHx7BRtOgKZFbYM


Parallel Efficiency

• Execution time: T(W,P)
 W: Workload
 P: Number of processors

• Speed:

• Speedup:
 
• Efficiency:

How to scale WP with P?
Ideal speedup



Fixed Problem-Size Scaling
WP = W—constant (strong scaling)

• Speedup:

• Efficiency:

Solving the same problem faster using more processors!

• Amdahl’s law: f (= sequential fraction of 
 the workload) limits the asymptotic speedup 

𝑺𝑷 =
𝑻(𝑾, 𝟏)
𝑻(𝑾, 𝑷)

≤ 𝑷



Isogranular Scaling
WP = Pw (weak scaling)
w = constant workload per processor (granularity)

• Speedup:

• Efficiency:

Solving larger problems within the same time
using more processors!

𝑬𝑷 =
𝑻(𝒘, 𝟏)
𝑻(𝑷𝒘, 𝑷)

≤ 𝟏



Analysis of Global_Pi Program
• Workload ∝ Number of quadrature points, N (or NBIN in 

the program)
• Parallel execution time on P processors: 
 > Local computation µ N/P

 > Butterfly computation/communication in global() µ logP

for (i=myid; i<N; i+=P){
  x = (i+0.5)*step; partial += 4.0/(1.0+x*x);
}

for (l=0; l<log2P; ++l) {
  partner = myid XOR 2l;
  send mydone to partner;
  receive hisdone from partner;
  mydone += hisdone
}

𝑇 𝑁, 𝑃 = 𝑇!"#$ 𝑁,𝑃 + 𝑇%&"'(& 𝑃

= 𝛼
𝑁
𝑃 + 𝛽log𝑃

P

log2P



Fixed Problem-Size (Strong) Scaling
• Speedup: 

• Efficiency: 

global_pi.c: N = 107, on Discovery

𝑆) =
𝑇 𝑁, 1
𝑇 𝑁, 𝑃 =

𝛼𝑁

𝛼𝑁𝑃 + 𝛽log𝑃 
=

𝑃

1 + 𝛽𝛼
𝑃log𝑃
𝑁

𝐸) =
𝑆)
𝑃 =

1

1 + 𝛽𝛼
𝑃log𝑃
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Fixed Problem-Size Scaling

• Speedup model: 

global_pi.c: N = 107, on HPC (predecessor of Discovery)

𝐸) =
𝑆)
𝑃 =

1

1 + 𝛽𝛼
𝑃log𝑃
𝑁

Computation ~ ns
Communication ~ ms



Runtime Variance among Ranks



Isogranular (Weak) Scaling
• n = N/P = constant
• Efficiency: 

global_pi_iso.c: N/P = 107, on Discovery

𝐸) =
𝑇(𝑛, 1)
𝑇(𝑛𝑃, 𝑃) =

𝛼𝑛
𝛼𝑛 + 𝛽log𝑃 =

1

1 + 𝛽
𝛼𝑛 log𝑃



Fitting Fixed Problem-Size Scaling

global_pi_breakdown.c: N = 107, on 3.0 GHz Xeon

𝑇 𝑁, 𝑃 = 𝛼
𝑁
𝑃 + 𝛽log*𝑃

Computation ~ ns Communication ~ ms

cf.
[discovery]$ ping hpc-transfer.usc.edu
time=0.046 ms

𝛼 = 20	ns

𝛽 = 0.39	ms

for(i=myid;i<N;i+=P){...} pi=global_sum(partial);



Scalability Analysis: Example


