Kinetic Monte Carlo Simulation

Aiichiro Nakano

Collaboratory for Advanced Computing & Simulations
Department of Computer Science
Department of Physics & Astronomy
Department of Quantitative & Computational Biology
University of Southern California

Email: anakano@usc.edu

Goal: Predicting long-time dynamics
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What to Learn with Monte Carlo

e Stochastic approaches to obtain approximate solutions to
intractable computational problems

e Probability-distribution sampling by Markov-chain (or

Metropolis) Monte Carlo (MC) algorithm
https://aiichironakano.github.io/cs653/06 MCbasics.pdf

1. Random state change
2. Conditional acceptance with probability exp(-AV/kgT)

e Applied to simulated annealing (SA) for global optimization
e Kinetic Monte Carlo (KMC) to predict long-time dynamics

1. Pick the next event i proportional to its transition rate 7;
2. Advance the time by — In(random# € [0,1]) /X, 1«

e Divide-&-conquer KMC algorithm for scalable parallel
computing



Rare Events

e Infrequent transitions from a local minimum to another local minimum

15

e Transition state theory to understand chemical reaction rates:
Michael Polanyi & Henry Eyring in 1920’s & 1930’s

 Renewed interests in understanding self-organization (protein

folding, life, etc.)
cf. H. Ostrom et al., Science 347, 978 ('15)



https://aiichironakano.github.io/phys516/Ostrom-TST-LCLS-Science15.pdf

Energy Landscape

e Discrete abstraction: Partitioned configuration space
9:{31\, — U s}{a;manma = @
(04

where a 3/V-dimensional configuration q € R, converges to the a-th local
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Phase Space Distribution

* Phase-space distribution f{(q, p, 7): probability to find the system at 3/V-dim.
position q = (qy, «- qy) & 3N-dim. momentum p = (py, ..., py) at time ¢

. Probability to find the system in R at time 7 (4 is the Planck constant)

P £) = d d " cf. Plane—Lwave basisL . )
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Outline

e Master equation

ddi? = _2 W o P (1) + E Wep Pg (1) Wg,,: Transition rate from state o to state 3
p p I\ \ '
V(a,)

* How to compute W,g? Transition state theory

V.-V
Wa, =v,, expl-——Y¢
P = ¢ p( kgT )

\ v,

Vibration frequency at the
a-th local minimum 0 a,

Minimum energy path along a saddle point (transition state)

 How to simulate the master equation: Kinetic Monte Carlo simulation

Let {r,, 5, ...; be a set of possible escape events, _
r=2;r;,and u; & u, are uniform random
numbers in [0,1]:

k 7 » TN B e >
\t f ,, AT o)
& S‘ k! ¥ R

! Trasitin
2. Advance the time by 7 = —In(u,)/ state

j i
1. Pick the next eventi asi = min {Erk > ul} o
r



Dynamics of Phase Space Distribution

e Phase-space distribution f(q, p, 7): probability to find the system at 3/N-dim.
position q = (qq, « qy) & 3N-dim. momentum p = (py, ..., py) at time ¢

* Probability to find the system in R, at time 7 (/2 is the Planck constant)
1

(04

 Time derivative (L = Liouville operator; H(q,p) = Hamiltonian)

dp, 1 J
_ dq [ dp> f(g,p.t
. thﬁf afdp- f(q.p.0)

1 -
= hTN qufdp_—Lf(q’P’t)]

(04

(aHaaHa
dop dq dJq Jp

1
-—— [dqfd t
h3Nng qaf P )f(qp )

(04

See supplementary note 1: Liouville equation



https://aiichironakano.github.io/phys516/07-1Liouville.pdf

Sketch of Proof: Liouville Operator

X-i d 6 . 0 OH 0 O0H 0 P A

(a.p) ax ~ 9°3¢"P*5p ~ 3p"3q ~ 3q°3p {+A
d [atn) A
— X = L X
dt

Jacobian: Volume magnification factor |9X¢

dXo=dX
Probability density as point crowd ox | ,__,i ’ t Ec.: dp
Nsamplefo (Xo)dX, = Nsamplef(xt: t) dX; q > q
Liougi)lée’s theorem (1+ &)% . ) =In(1+x) =0 (x =d]9); L=t =1(x=0)
tl _ 1 | 8t0 £ In(1+x) = £(0) + | X Exh
aXO A x_
1+ 6t°)ét—1 = _ 1 RN PV
Liouville lecture, p. 4 ( T ) 6t—0 In(1 + §t)or = St In(1 j_ 5t) 5t—0 6t or=1
af o~ (1 + d8t)se =€
X,d Xdte=
ff( t)f_r ‘ oX In(1 + 5t2)% = %mu + 5t?) m%&z =0
f(X + Xdt, dt)= f(X,0) 48 1
X, dt)—f(X,0 - 0
...f( t) f( ):_X._f:_Lf .
dt oxX population flux

0 0 / Liouville lecture, p. 6
- X, — o X — X — , = 6N
S S0 + o2 (Xf) = 0 (X = (q,p) € R)

or(%+L)f=O

0 > :
cf. Pt V ej =0 (mass conservation)


https://aiichironakano.github.io/phys516/07-1Liouville.pdf
https://aiichironakano.github.io/phys516/07-1Liouville.pdf

Population Dynamics

'Y Let 3N 2
H(q, p)—Ezp’ +V(q)
=1
then Note f o dpig () = [f@)]% = 0 (telescoping)
dpP, NV 4
dql d — N + daldp ) — — 1
o h3N f qf pE qlf(qp ) f qf plElaq ™ f(q.p.1)
h3N qufdpE (p".f(q,p,r)
l )
Gauss theoorem dqv :j s
1 p; ~ telescoping % IR
L EdedpE ap) \
h IR, i=1 i=1M

N

where dS is the surface element pointing outward
normal to the surface 0R, that outlines R

* dP./dt is negative of the outward flux through oR, -

ds
a +
fdaZf = [FRE = fas, + fds_




Population Flux

e Partition the surface OR, into

&ﬁa = E S/J’oc
p
where S, is the surface splitting R, & Ry (normal pointing from a to B)
d P, 1 3N D; D; Partition of unity
=— dS; | d LO| ) dS; —+ ,1) out
=2 ey 2 N S£ 121 S plElm ; i, | @RD outgoing
OXx)+0(x)=1
1 3 p; P — -
@2 w J 2dSi fdpE ~@| ), dS; = |f(q,pt) incoming ° ;
B h Sapi=1 i=1"Mi i i

where O(x) =1 (x=0) & 0 (x <0) is the step function




Local Equilibration Approximation

e Assume that within each R, the phase space distribution is locally in thermal
equilibrium, weighted to reproduce the current population (time scale of inter-
state population transfer >> intra-state thermal equilibration time)

P, (1)
1) =
f(q,p,?) P (eq)

feq (q,p) = éeXp(—H(q,p) /kBT)

Jeq(Q-P)

where

and the partition function is split into

dqd dqd
foqp qap

~-exp(—H (q,p)/kgT) =Y O,

a

exp(-H (q.p) / kT ) = E ff

dqdp

" P,(eq) = "% = — ff - exp(-H (q,p) /kgT)

Q? QxR h



Master Equation

e Substituting the local-equilibration approximation into the population-flux
equation, we obtaln

dP p D (t) Flux
- dS;fdp3 0| TdS;  fey (@p)
=2y th SL 121 I plEl E )f T1CR e 5
(1)
das; [dpSLie|Sas, Li|f, P
ﬁh%’&;a fplZ_l E )fﬂqmp(m)
P
dd—;‘ = -% W ge By (t) + %WaﬁPﬁ (?)

W 1 f ?gdS fd E Pi 0 zdS Pi £, (q,p) /Ps(eq) Weighted average
af = h3N 1 p 'm, m; | ©P) /EB D o flux on surface
ﬁ = J= ]

3N [ EdS fdpz p,®
h aﬁl 1

h
ﬁ

See supplementary note 2: Master equation
A. P. J. Jansen, Introduction to KMC Simulations of Surface Reactions (Springer, '12)



https://aiichironakano.github.io/phys516/Jansen-KMC-Springer12.pdf
https://aiichironakano.github.io/phys516/07-2Master.pdf

Transition State Theory

* Reaction coordinate ¢, along a minimum-energy path separates the phase
space into 2 regions — A (¢; < 0) & B (¢, > 0); all the other coordinates &
momenta are collectively denoted as X = (q, P) = (25 ++es G35 P25 oes p3N)

* Probability to find the system being in B
dq,d dX
Pp®) = [If QI 1526(q)) £ (q1.p1-X00)

e Time derlvatlve (L Liouville operator)

dP
B = [If 3N 1£f(¢]1aP1’X’t)
O(q1)(-Lf (q1.p1.X.1))
Integration by part V(g,)

dag.d dX
—fff C]l Pl
d d dX
= [If q;lf]\lz (LO(q1))f (q1.p1.X.1)

dq,dp1dX ( p;
= 0 , D1, X,t
ﬂf 33N m, ( ) (91.P1 )

dp1 JX pIWeighted average of flux on surface

=ff h3N m f(OPIXt)




Local Equilibration Approximation

e Split the integral into the gain (A —> B) & loss (B > A) terms

dpy _(dPg\ dﬁ

dt B dt A—>B dt O +0O(p) =1
“d dX 0 d dX
=15 1p1f<0p1Xt>+f s 1p1f<0p1Xr>
0 —00

* Regions A & B locally (i.e., within the region) maintain the equilibrium

distribution weighted to reproduce the current population
Py (@) 4

o=A,B
P Sy (= A.B)
1

o =—exp(=H / kgT
fq QeXP( B )

f o Jocal =

dg.d
0= [If M expl-H IksT) - 04+
0 B q,
04 = 1 d‘“dl’ld" xp(-H 1T 05 = (] N exp(a 1)
q; <0 q,>0
0

P,(eq)==% (a=A,B
(eq) 0 (a )



Transition State Theory

e Substituting the local equilibration approximation to the flux equation

(dﬁ) [y X Py 0. X0 2AD
dt Jasp o h T RN my 7% Pa(eq)
(dﬁ) g B Pp 0 2B
dPg(t)
dt — kBAPA(t) o kABPB (t)
Oodpl dX P1 1
k = f (Oap 7X)
BA { h fh3N‘1 my 9 : P4 (eq)
oodpl dX P1 1
k = f (O,p 9X)
A 0 h fh3N_1 ny - : PB(eq)

e Analytical integration over p,
dX exp(—H/kBT)ql:pl -0 O kgT o

rdpy p 2
kBA =) ——¢C€Xp|—P1 /2m1kBT
({ h m ( )fh3N_l 0 QA h QA
. JdX kgT/h~1013s71
Q0 = f j3N-1 exp(-H /kBT)q1=p1=0 at room temperature




Harmonic Transition State Theory

* In region A, we assume 1 , 5
V(g1 . qzn) = Va + Ez m;(wf') (g5 — by)
J

2nkBT)3N exp(-V4 /kgT)

o =( h ﬁv A
a) .
e At the dividing surface, we assume j=1 !
1 138N 2
V(qq, ..., q3n) = Vs — _a11CI% + _z _ mj(wj) qu
2 24—
2:rkBT)3N_1 exp(=V, /kgT)
h

« dX
O =fh3N—1 exp(=H I kgT') g, = p =0 =(

3N

IN attempt frequency
H A \
(1)] A
. 1 Vi—=Valj=1 _|®i Vi—Va
S.Kpa = ——€xXp| - N = exXp|————
27 kBT % 2T kBT
a) .
L —
J= acceptance probability

See supplementary note 3: Transition state theory



https://aiichironakano.github.io/phys516/07-3TST.pdf

Digression: Save the World?

* Solar land-area requirement (with 10% energy conversion efficiency) to

supply the global energy [Nathan LeW|s Caltech]
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* Need better catalyst for splitting water [LeW|s & Nocera, PNAS 103, 15729 ('06)]
2H,0 2H; +0, Need > 2,000°C

COMPUTATIONAL METHODS

Energy

Trial and error has been the traditional method of finding the best catalyst for a
reaction. A computational approach can reduce the lab work required.

Just bring down the transition-state energy!

gkt Nature Mater. 5, 847 ('06)
Reaction Coordinate

is in the Department of Chemical & Biological
Engineering, University of Wisconsin-Madison, Madison,

Wisconsin 53706, USA.




Hydrogen Production@Home
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A Job for Superatom
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PHYSICAL REVIEW

PRL 104, 126102 (2010)

Molecular Dynamics Simulations of Rapid Hydrogen Production

from Water Using Aluminum Clusters as Catalyzers
kgTroom/h ~10%3 (5_1)

Fuyuki Shimojo,'* Satoshi Ohmura,' Rajiv K. Kalia,' Aiichiro Nakano," and Priya Vashishta'

‘Collaboratory for Advanced Computing and Simulations, Department of Computer Science, Department of Physics & Astronomy,
Department of Chemical Engineering & Materials Science, University of Southern California, 1 eV / kB ~10,000 K
Los Angeles, California 90089-0242, USA
e ¥~107*/2

ll)epcmmem of Physics, Kumamoto University, Kumamoto 860-8553, Japan
{Received 1 December 2009; published 26 March 2010)
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H, Production from Water Using LiAl Particles

16,661-atom QMD simulation of Li,;Aly,; In water
on 786,432 IBM Blue Gene/Q cores

10125| T T

1 1 | 1 1
0.002
/T (X"

1 1 | 1 1 1 1
0.003 0.004

108 IR
0 0.001

e Scalable to industrially relevant particle sizes _
K. Shimamura et al., Nano Lett. 14, 4090 ('14) Yoo e s 200 250

surf




Poisson Process

* Poisson process = sequence of events, in which the probability of an event to
occur in time [£,¢+0] is 0 (r is the rate) independent of history as 6—0

e Probability P(n.r) that n events occur in time interval =N

P(n,t)=C(N,n)rd)" (1= ré)N ™" =

e Sum rule:

N —©

(1-rt /NN

. (rt)n e—rt

n!

I t=ll\l6 I

N/

—>00

§P(n,t) =
n=0

N —©
s\2aNNNe™N

0

n=0

i

&) (1 =r&)N "

(rt)

n!

n!(N -n)!

n
—rt
e =1



Kinetic Monte Carlo Simulation

* Probability density P(7) of time ¢ between successive events
P(t)dt = probability(no event in[0,£]A 1 event in [7,f + dt])

= P(0,t)x rdt = ™" x rdt }4 ! | | |:]|th| | | | >‘
I

—e

- P(1) = re !t 46;;( (}:>N . (,_,;>rt

(1-2
e Random time-interval generation: Let # be a uniform random number in
[0,1] & generate ¢t = —In(u)/r € [0,0]

rdt — e "trdt

N— oo

u=e "t

du
w P(t) = P(u) ‘E‘ = Ixre "t =re "

e Kinetic MC algorithm: Let {r,, r,, ...} be a set of possible events, l ru
r=2;r;,and u; & u, are uniform random numbers in [0,1]: , L

j N E
[ [ ] . . r 7
1. Pick the next eventias {=min; E—k > Uy < r >
Pick i-th event with probability p; = 1; /7
no evtin [0,t] evt 1 or 2 or ...in [t,t+dt]

2. Advance the time by ¢ = —In(u,)/r P(ydt = e-t (ry +1, 4 )dt

K. A. Fichthorn & W. H. Weinberg, J. Chem. Phys. 95, 1090 ('91)
See supplementary note 4: Kinetic Monte Carlo simulation



https://aiichironakano.github.io/phys516/Fichthorn-KMC-JCP91.pdf
https://aiichironakano.github.io/phys516/07-4KMC.pdf

Divide-&-Conquer KMC Algorithm

 Domain decomposition: Concurrent events among multiple domains, d

At = —In(rnd) /E ry = O(N_l) = —In(rnd) /max (ry) = 0(1)
d d
e Colored domain blocks: Avoids conflicting events by allowing concurrent
events only with domains of the same color, which are well-separated

' } ...... 1
0:2/0:2(0:2

E. Martinez et al., J. Comp. Phys. 230, 1359 ("11)

e Neighbor-domain caching for spatial decomposition via message-passing

* Dual linked-list cell method: (1) small cells for constructing neighbor lists
for nearest-neighbor hopping events; (2) large cells for domain-block

coloring
H. Byun et al., Comput. Phys. Commun. 219, 246 ('17)



Scalable Parallel KMC

 Benchmark tests on electron transfer in heme aggregates

e Better weak-scaling for coarser granularity (/V hemes on P procesors)

Number of hemes

10° 10° 10"
15 1 1 IIIIII| 1 I IIIIII| I E _IIIII 1 I IIIIIII 1 I IIIIIII_
s *——0——0—0-—0——0——-0 - 1-0:——.—'-0'--ﬁ;7.;t.'.t;:;:'—'—:
'y i N/IP =4116,000 - - ]
GE) - B--B—--R--B-2--R-—--H 3 o F ]
= - N/IP =1,168,032 - e N ]
St ] © 0.6 -
S L i 5 _
Q —A = N ]
F102E ae— ke — A — A — A==k 4 go04fF .
= E NP=127776 § o [ ]
s i 0.2f -
10'3 1 1 IIlIlll 1 1 IlIIII| 1 0_ 1 1 lIIIIII 1 1 IIIIII| 1 ]

10 100 1000 10 100 1000

P P

* Weak-scaling parallel efficiency 0.935 for a 4.2 billion-heme system on 1,024
Intel Xeon processors

H. Byun et al., Comput. Phys. Commun. 219, 246 ('17)



Temporal Locality in Long-Time Dynamics

e Temporal locality: Rare transitions between local minimum-energy states

e Transition state theory: Reformulate sequential long-time dynamics as
parallel search for low activation-barrier transition events

e Discrete graph abstraction: Linear combinations of atomistic events (LCAE)
A. Nakano, Comput. Phys. Commun. 176, 292 ('07)

e Directionally heated nudged elastic band (NEB) method: Search for
thermally activated events without the knowledge of final states

M["{S = F, — MVSRS (s=0,..,5—1) AAStep a: Thermalization ti,om

oc
20 O >
O O . : R
W & Step b: Directional heating feat
S = O 1 bl 5'2 5‘1

©
|

©

©

Temp.~0
( Step c: Quench
_V +FP| (1ss<S-2) P
F, -1 dR,|, I
_V (s=0.5—1)
L 0’)RS



https://aiichironakano.github.io/phys516/MK.pdf

Space-Time-Ensemble Parallel (STEP) NEB

e Path ensemble method (PEM): Long-time

simulation in the framework of kinetic ) ensemble .
Monte Carlo—molecular kinetics simulation band b=0
3 D-1
-1 2| D-2
7, = 1 torm + theat EXP Ap (1 ! ) 5 :
b = \‘therm T ‘heat - = 1 :
kB T Theat ./, d=0 4
P = h _ domain | =550 s=1 S=S51
LA EB—lrb :
b=0 b= B-1
3 D-1
* Space-time-ensemble parallelism (STEP) T T 1os
= spatial decomposition within each state ik
(D domains) d=o| 4
\_ s=0 s=1 s=S5-1 )

+ temporal parallelism across the states
within each band (S states)

+ band ensemble (B bands)

e Hierarchical concurrency
P=BSD

A. Nakano, Comput. Phys. Commun. 178, 280 ('08)



Divide-&-Conquer Protein Folding

e Levinthal paradox (1968): How the Nature

folds an amino-acid sequence into a global
energy minimum 3D structure (which is

known to be NP complete) within \‘ ——
microseconds (~ billion molecular-dynamics | |
steps). t‘:
e Sequential KMC not good enough. : V Cer
Zip-&-assembly algorithm (Ken Dill at UCSF) g % |

1. (Divide) Chop the amino-acid sequence into
~10 residue fragments.

2. (Conquer) For each fragment, perform -
replica-exchange (~ temperature accelerated)
molecular dynamics simulation & detect the
formation of any stable hydrophobic
contacts.

3. (Combine) Grow the stable fragments by
adding surrounding residues while freezing
(~ constraint) the found stable contacts.

S. B. Ozkan et al., PNAS 104, 11987 ('07)




Parsing Protein-Folding Routes

Computational linguistics
(1) Formal grammar to describe protein-folding routes
(2) Dynamic programming for an efficient algorithm for the folding routes

% ggggﬁ

VP
% / \NP
~
_ P
2 v N BN Y YN
eat sushi  with tuna eat sushi with tuna
VP
w S

PP

eat sushi with chopsticks eat sushi with chopsticks

K. A. Dill et al., Polymer 48, 4289 ('07)
W. Dyrka et al., Alg. Mol. Biol. 8, 31 ('13)



Singlet Fission in Amorphous DPT

* Photo-current doubling by splitting a singlet exciton into 2 triplet excitons

Singlet fission (SF) in mass-produced disordered organic solid
— efficient low-cost solar cells

Exp’l breakthrough: SF found in amorphous diphenyl tetracene (DPT)

Ultrafast transient absorption measurements identified two time-scales
(1 & 100 ps) for exciton population dynamics

Hypothesis: Existence of SF hot spots [S. T. Roberts et al., JACS 134, 6388 (12)]

T ||||||I'| T ||||||I'| T T 1T

»
N

1.5

S
i
=
+
=
3

0 M 1 |||||||l 1 |||||||] LLiiin
0.01 0.1 1 10 100 1000
* Problem: Molecular origin of SF hot spots? Time (ps)




Divide-Conquer-Recombine KMC

e Move up from molecules to microstructures
e Challenge: Unprecedented 104-atom NAQMD simulation
. Computatlonal approach Divide-conquer-recombine (DCR) NAQMD

d <
T " ')
o€ o—a. o

O--¢
e V-0
@

d ®

DPT molecule

Quasi-electron

4 Quasi-hole

Amorphous DPT B AL \
e DCR-NAQMD (phonon-assisted exciton dynamlcs) + time- dependent
perturbation theory (singlet-fission rate) + kinetic Monte Carlo calculations
of exciton population dynamics in 6,400-atom amorphous DPT
F. Shimojo et al., J. Chem. Phys. 140, 18A529 ('14)



NAQMD-informed Kinetic Monte Carlo

e NAQMD-KMC exciton population dynamics reproduces the experimentally
observed two time scales (~1 & 100 ps) i 1n amorphous DPT

- NAQMD-KMC g Experiment
15 [ D o 1.5
5 4 5

—&—Singlet
— % =Triplet
© g, & ©

—=—Singlet
— e -Triplet

Exciton population
10° excitations/um
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S. T. Roberts et al.,
JACS 134, 6388 ('12)

W. Mou et al.,
APL 102, 173301 ('13)




