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Abstract

A quantummoleculardynamics(QMD) simulationschemehasbeendevelopedwhich is suitablefor the studyof
highly nonlinearelectron dynamicsfar from equilibrium in semiconductingdevicesof nanometersize. The core
componentsof the QMD algorithmare:(i) solution of the time-dependentKohn—Shamor Schrödingerequations;
and(ii) solutionof thePoissonequationfor thedirectelectron—electroninteraction.Efficient parallelalgorithmsfor
thesecomponentsarethe space-splittingSchrödingersolverand thedynamical-simulated-annealingPoissonsolver.
Both algorithmsare scalableandrequireonly nearest-neighborcommunications.Thesealgorithmsare implemented
on an8,192-nodeMasParcomputer.Timing testsare carriedout to comparethesealgorithmswith otherparallel
SchrödingerandPoissonsolvers.The timing resultson the MasParare also comparedwith thoseon otherparallel
andvectorarchitectures.

1. Introduction

Recentadvancesin the micro fabricationtechnologyhaveled to the realizationof nanometer(iOu
m) scale devices. In nanodevices,novel physical effects are used to attain logic functionality which
conventionaltechnologycannot achieve. For example, quantumeffects provide logic functionality in
resonant-tunnelingdiodes(RTD) [1] and quantum-interferencetransistors[2]. Another exampleis the
enhancedelectron—electroninteractionin nanostructures.Electronsin smallsemiconductingdevicescan
be viewed as being in a highly nonlinearmedium.Shallow water analogyfor a ballistic field-effect
transistorsuggeststhe existenceof nonlinearphenomenasuch as soliton propagation[31.In a RTD,
quantumeffectscoupledwith the electron—electroninteractionwereshownto causeintrinsic bistability
[41.Recently,multiple-branchcurrent—voltage(I-V) curves were observedeven at zero bias [5]. This
phenomenonmay find a novel applicationas a room-temperaturememorydevicewhich dissipatesnearly
zeropower.The Coulombinteractionalsoleadsto the Coulombblockadeeffuct in smalltunneljunctions
[6]. This effect is usedto control the flow of a single electron (single electronics).Electron—phonon
interaction can also be controlled by artificially tailored phononmodes(phononics)[71.In addition,
switchingof nanodevicesoccursfar from equilibrium. A properaccountof dissipationis essentialto
describesuchhighly nonequilibriumdynamics[5].
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Microscopicsimulationscan significantly enhanceour understandingof such nonlinear,nonequilib-
rium dynamics.“ComputationalElectronics” is a rapidly growing, interdisciplinaryapproach(including
Computer Science, Electronic Engineering,Physics, and Mathematics)to device simulations [8]. In
recent years,device simulationshave playeda significant role in the developmentof very large-scale
integrated-circuit(VLSI) technology.At present,the most widely useddevice simulationsarebasedon
either macroscopicdrift-diffusion equationsor semiclassicalBoltzmanntransportequationscombined
with the Monte Carlo samplingtechnique[8]. In nanodevices,however,conventionaldevicesimulations
cannot describethe physical effects mentionedabove. It is necessaryto develop quantum-transport
simulation methodswhich include novel physical effectscrucial to the operationof nanodevices.This
so-called“ComputationalNanoelectronics”is the subjectof this paper.

Recentlywe haveapplied the quantummoleculardynamics(QMD) method [9—11]to the study of
highly nonlinear,far-from-equilibriumelectrondynamicsin nanodevices[12—16].Variousphysical effects
which are dominant in nanodevicesbut are beyond the scopeof conventionalsemiclassicaldevice
simulations are investigated.These include: (i) intrinsic dynamic instability in a RTD [12,13]; (ii)
spin-dependentCoulomb-blockadein a quantum-dotdiode [14]; (iii) phonon-inducedelectron localiza-
tion in a double quantumdot [15]; and (iv) multiple-trappingelectron transportin amorphoussilicon
[16].

The core computationalkernel of the QMD approachhas two parts: Parabolicpartial differential
equations(the time-dependentKohn—Shamequationor the time-dependentSchrödingerequation)for
quantumparticles(electronsor phonons)and second-orderordinary differential equations(Newton’s
secondlaw of motion) in moleculardynamics(MD) simulationsfor classicalN-body systems.Special
algorithmsareneededfor the long-rangeCoulombinteractionin bothclassicalandquantumsimulations.

QMD simulationsof realisticnanodevicesrequire enormouscomputingresources.It is thuscrucial to
exploit the recentdevelopmentof parallel computingtechnology. According to the classification of
problemsby Fox, the solutionof the time-dependentSchrodingerequationis a synchronousproblemand
the problem mapswell onto a singleinstructionmultiple data(SIMD) architecture[17]. On the other
hand, classicalMD correspondsto a loosely synchronousproblem and thesesimulations are more
appropriatefor multiple instructionmultiple data(MIMD) architectures[17].

Implementationsof classicalMD on MIMD architecturesarediscussedin our previouspublications
[18—21].We havedevelopedefficient algorithmsbasedon multiresolutionsin both time and space[21].
In the multiresolutionMD scheme,the long-rangeCoulombinteractionin periodicsystemsis computed
with the fast multipole method[22]andthe reducedcell multipole method[23].

The presentpaperdealswith the quantumaspectof the QMD method, i.e., solutionsof parabolic
partial differential equations(PDE) suchas the time-dependentKohn—Shamequationor the time-de-
pendentSchrodingerequation.This problemis coupledwith anothercomputationallyintensiveproblem,
i.e., solution of elliptic PDEs(the Poissonequation)for the long-rangeelectron—electroninteraction.We
havedesignedparallelalgorithmsfor bothproblemson SIMD architectures.In thispaper,we considera
specific parallel architecturein which the processorsare connectedin a two-dimensionalrectangular
mesh.Physicalsystemswe considerarealso two dimensional,andare representedon a rectangulargrid
using a finite difference scheme.The algorithmswe report take advantageof the connectivity of the
parallel architecture.

Conventionalsolutionsof the time-dependentSchrödingerequationarebasedon the split-operator
approachusingeitherthe spectralmethod (SM) [24] or the alternative-direction-implicitgeneralization
of the Crank—Nicholson(CN) method[25]. The SM usesthe fastFourier transform(FFT) algorithm[26].
Accordingly the complexity of the SM is 9(M log M), where M is the numberof grid points usedto
discretizewave functions.By assigningthe valueof a wave function at eachgrid point to aprocessorin
an arrayof M processors,the paralleltime complexityof the SM algorithmbecomes~9(logM). (Here,
we definethe paralleltime complexity of an algorithmto be the time requiredto solve a problemwith M
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grid pointson an arrayof M processors.)Also the SM involvesconsiderablecommunicationbecauseof
the butterfly communicationin the FFT algorithm [26]. The CN method is implementedon parallel
computersusing, e.g., the recursivedoubling algorithm[27]. The resultingparallel time complexity is
~‘(log M) andthe implementationinvolvesconsiderablecommunication.

Recently,a powerful algorithmcalledthe space-splittingmethod(SSM) hasbeendevelopedto solve
the time-dependentSchrödingerequation[28]. The SSM is basedon the decompositionof a tridiagonal
matrix, related to the kinetic energyoperatorin the Schrodingerequation,into direct sumsof 2 X 2
matrices.This decompositionprovides an explicit schemeto propagatewave functions in time with
~(M) operations.The parallel time complexity of the SSM algorithmis ~9(1),i.e., the SSM is scalable.
(An algorithm is consideredscalableif the requirednumberof parallel operationsremainsconstant
whenthe numberof processorsscaleslinearly with the problem size.) In addition, the operationsin the
SSM are local, requiringonly nearest-neighborcommunicationswith little communicationoverhead.

The solution of the Poissonequationfor theelectron—electroninteractionis the mosttime consuming
part of a QMD simulation.ConventionalPoissonsolvers include the fast Poissonsolver (FPS) and the
multigrid method(MGM). TheFPSsolvesthe Poissonequationwith ~(M log M) operationsusingthe
FFT [29]. The MGM reducesthe complexityto ~“(M) andis asymptoticallyfasterthanthe FPS[30].This
smaller complexity of the MGM algorithm is achievedthrough computationallyless intensive coarser
grids for longwave-lengthcomponentsof the solution.In contrastto the FPS,the MGM is applicableto
generalelliptic PDEswith nonconstantcoefficients on irregulardomainsandwith irregular boundary
conditions. One of the difficulties with a massively parallel MGM algorithm is that most of the
processorsare idle when operatingon coarsergrids (idle processorproblem). Becauseof this, the
paralleltime complexity of the parallelMGM algorithmis t9(log M), the sameas that of the FPS,even
thoughthe sequentialcomplexityof the MGM is superiorto that of the FPS.Althoughwe cannotreduce
the parallel time complexity of the MGM algorithm,the idle processorscanbe usedto acceleratethe
convergenceof the MGM. In theparallelsuperconvergentmultigrid method(PSMG),the idle processors
areusedto solve multiple coarsegrid problemssimultaneouslyandtheir resultsarecombinedto provide
the optimal convergence[31]. On parallel computers,both the FPS and MGM algorithms involve
considerablecommunications.

When the Poissonequationis coupledto a dynamicalequation,as is the casein the QMD method,
successivecalls to a Poissonsolverarecorrelatedwith eachother(the solution of thePoissonequationat
a call is a good initial guessfor the solution at the next call). In such a case,it is possibleto designa
highly efficient algorithmby introducingfictitious dynamicsfor the electrostaticpotential in the Poisson
equation[32]. Thisdynamical-simulated-annealing(DSA) methodis implementedwith 9(1)paralleltime
complexityon amachinewith the numberof processorscomparableto the numberof grid points,M. In
contrast,conventionalPoissonsolversrequire 9(log M) paralleloperations.The differencestemsfrom
the fact that the DSA is an initial value problem (hyperbolic PDE) insteadof the Cauchyproblem in
conventionalPoissonsolvers.Since the DSA algorithmrequiresonly nearest-neighborcommunications,
it can be implementedefficiently on SIMD architectures.

In this paper, we describe the implementationsof the SSM algorithm for the time-dependent
Schrödingerequationandthe DSA algorithmfor the Poissonequationon a massivelyparallelcomputer.
Numerical experimentsare performedon an in-house8,192-nodeSIMD computerfrom MasPar.The
performanceis comparedwith otherparallel SchrodingerandPoissonsolvers.The timing testson the
MasPararealso comparedwith thoseon otherparallelandvectorarchitectures.

The outline of this paper is as follows: In the next section,we describethe QMD method,and in
Section3, we discussthe space-splittingSchrödingersolver. The dynamical-simulated-annealingPoisson
solveris describedin Section4. We compareperformancesof theseparallelQMD algorithmsin Section
5, andSection 6 containsthe conclusion.
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2. Quantum molecular dynamics

In the QMD method,we simulatethe dynamicsof coupledsystemsof eitherelectronsandclassical
ions or electronsand phonons.In this scheme,the electron—electroninteractionis included in the
frameworkof the time-dependentdensityfunctional theory [33].The time evolutionof electronorbitals,
1I/,.(r, t), is givenby the time-dependentKohn—Shamequations[33,34]:

— + ~[A(r, t) +A~~(r,t)])

— 2mc2(A2(r, t) — [A(r, t) +A~~(r,t)]2) — v
0(r, t) — vei(r, t)

e
2n(r’ t)

_fdr’ Ir—r’I —v~~(r,t) ~P~(r,t) =0, (1)

where v
0(r, t) is an externalpotential,v~~(r,t) is the exchange-correlationpotential [33], and A~~(r,t)

is the exchange-correlationvector potential [34]. In Eq. (1), m and e are the mass and chargeof an
electron,and c is the light speed.The electrondensityn(r, t) is calculatedfrom

N~

n(r, t)= ~ I1II~(r,t)1
2, (2)

i= 1

where Ne is the numberof electrons.
For a coupled systemof electronsand classical ions, Vej(F, t) = J’~

1(r,(R1(t)}) is the interaction
potentialbetweenan electronandions,where R1(t) is the coordinateof the Ith ion. Assumingadiabatic
dynamicsfor classicalions, we solveNewton’sequations,

d
2R

1(t) 8V1({R1(t)}) ,. 8V~j(r,{R1(t)})
M1 dt

2 = — ~lR
1(t) — j dr n(r, t) aR1(t) ‘ (3)

concurrentlywith Eq. (1). In Eq. (3) M1 is the massof the Ith ion, and V~({R1(t)))is the interionic
potential.

Eqs. (1) and (3) are suitable for electron transport in disorderedmaterials at relatively high
temperatures[16]. At very low temperatures,on the otherhand,we needto incorporatethe quantum
nature of lattice vibrations. Coupled systemsof electrons and phonons can be studied either by
perturbation[35] or in amean-fieldapproximation[15,36].In the mean-fieldapproximation,vej(r, t) in
Eq. (1) is expressedas [15],

vei(r, t) = ~(Qk e~r~yv+1~,~*(t) ~±1)(t) +c.c.), (4)

where44~~)is the phononwavefunction for the kth phononmodein the numberrepresentationand Qk
is the correspondingelectron—phononinteraction coefficient. Phononwave functions evolve in time
following the time-dependentSchrödingerequations[15],

(ih~~- vhwk)~)(t) = Qkn~(t) Vv +1 44~
1~(t)+ Q~nk(t)~4~’~(t), (5)

wherenk(t) is the Fourier transformof n(r, t).
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Dissipation can be included by solving the Langevinequationfor the center-of-mass,X(t), of the
electrons,

Md
M—~X(t)= ————X(t)+R(t), (6)

dt rdr

in a relaxation-timeapproximation[12,37]. In Eq. (6), M is the total massof electrons,and T is the
relaxationtime. For a given externalcondition, Eq. (6) is solvedtogetherwith Eq. (1) many timeswith
different time sequencesof the randomforce, R(t). The randomforce satisfies,

6MkBT
(R(t+t0) R(t0))= ~(t), (7)

T

whereT is the temperature,k8 is theBoltzmannconstant,andthe angularbracketdenotesanensemble
average.

The solution of the ordinarydifferential equation,Eq. (3), togetherwith the calculationof N-body
interparticle interactions,V1({R1(t)D, constitutethe MD simulation for which efficient algorithmshave
beendesignedon MIMD architectures[18—21].

The remainingQMD algorithmsconsistof the following two computationalkernels:
(i) The solution of parabolic PDEs, i.e., the time-dependentKohn—Sham equation, Eq. (1), for

electronsandthe time-dependentSchrödingerequation,Eq. (5), for phonons.
(ii) Calculationof the Hartreepotential,

e
2n(r’ t)

UH(r,t)_fdr “I (8)

in Eq. (1), or equivalently,solution of the elliptic PDE (the Poissonequation),

V2VH(r, t) = —4rre2n(r,t). (9)

In the next sections,we discussparallelalgorithmsfor (i) and(ii).

3. Space-splitting Schrödinger solver

Let us consideran electron in two dimensionsunderthe influenceof an externalpotential v
0(x, y)

anda uniform magneticfield of strengthB perpendicularto the two-dimensionalplane. The Hamilto-
nian operatorH is givenby

1 h~ mw~\
2 1 h~ mw~ 2

H=— --—--——y~ +— --——+-———x +v
0(x,y)

2m iax 2 / 2m iay 2

(10)

where w~= eB/mc is the cyclotron frequency.The time evolution of the wave function, ‘I’(x, y, t),

follows from,

a
ih~—~P(x,y, t) =HW(x, y, t). (11)

In the split-operatormethod[24], the wave function is propagatedfor a small time interval, ~ t, as

~P(x, y, t + ~t) = exp(—iV~t/2h)exp(—iT~t/2h)exp(—iT~4t/h)

xexp(—iT~4t/2h)exp(—iVi~t/2h)~P(x, y, t) +t9[(At)
3]. (12)
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The spectralmethod (SM) is basedon the fact that T~and T~becomelocal operationswhen the wave
function is Fourier transformedin the x and y directions, respectively.The SM algorithm involves
repeatedapplicationsof the fast Fourier transform(FF1’) to the wave function and multiplicationsby
exp(—Vz~t/2h)in the realspace,and exp(—T~t/2h)andexp(—T~~t/h) in the Fourier space[24].

The SM is suitablewhenperiodicboundaryconditionsare imposedon the wave function. Otherwise,
the alternative-direction-implicitgeneralizationof the Crank—Nicholson(CN) method is appropriate
[25]. In the CN approach,Eq. (12) reads

2 2
~P(x,y,t+z~t)=exp(—iI/z~t/2h) . —1 . —1

1 + iT~t/4h 1 + iT~4t/2h

x (1 + iT~/4h — i) exp(—iV~/2h)~‘(x, y, t) + ~[(~t)~]. (13)

The operators2/[1 + iT~z~t/4hJand 2/[1 + iT~z~t/2h]becomea set of tridiagonal equationsfor the
discretizedwave function,and theseequationsaresolvedby Gaussianeliminationandbacksubstitution
on sequentialcomputers[25].

The wave function in the finite-differenceschemeis dicretizedas ~I~kj= ~/i(j~x, k~y). In the SM, the
propagationof ~/‘kj requirest9(M log M) operations,where M is the numberof grid points.In the CN
method,the complexity is reducedto t9(M) operations.On massivelyparallelmachineswith the number
of processorscomparableto the numberof grid points,the paralleltime complexity of theSM algorithm
is ~9(logM). One of the difficulties of parallelSM algorithmsis the largecommunicationoverheaddue
to butterfly communicationfor the FFT [26], seeFig. lb. Anotherdifficulty is that the SM is applicable
only when a wave function is discretizedon a uniform rectangulargrid. The CN method can be
implementedon parallel computersusing, e.g., the recursivedoubling algorithm [27]. The resulting
algorithmrequires ~‘(log M) paralleloperations.The parallelCN algorithmalso requireslargecommu-
nicationoverheadassociatedwith the communicationpatternshownin Fig. ic.

The space-splittingmethod(SSM) is free of thesedifficulties [281.In the SSMapproach,the operation
of T~on 1J!kj is expressedas

11’k,J~k~’k,f~1 +2ak’PkJ+b~1’kJ+1, (14)

where

h mw2 h /1w
ak= 2m~x2+ —j-~(k~y)2, bk= — 2m~x2+

4~ki~y. (15)

For eachindex k, the operationof T~on ~‘k,j amountsto a multiplication of a tridiagonalmatrix. In the
SSM, this tridiagonalmatrix is expressedas a direct sumof 2 x 2 submatrices,

2a b* a b*
b 2a b* b a

b 2a b* 1 a b*
b a

b 2a b*
b 2a b* a b*

b 2a b a
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a a b*
a b* b a
b a a b*

+ a b* +~ b a , (16)
ha

a

a ha

(a)

(b)

(c)

—
(d)

01234567
node

Fig. 1. (a) Communicationpattern involved in a tridiagonal Hamiltonian operator.(b) Communicationpattern involved in
calculatingthe exponentialof a tridiagonalHamiltonian in the spectralmethod.(c)The samein theCrank—Nicholsonmethod. (d)
The samein the space-splittingmethod.
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wherewe haveomittedthe index k. The exponentialof a 2 x 2 matrix on the right-handside of Eq. (16)
is calculatedanalytically:

i~t

exp(~-~-i’~)

�2 �~

�4 E~ ~2 ~2

�2 �~ C

= C �~ X �~ �~
—

~2 ~2

0 ±�4 �4

�4_ �4

�2
�~

�2 �~

�~ �~ +~[(~t)~1, (17)

�2 �.~t
�4 �4

where

iL~t iL~t

�~=~[exP(__~~(a+ bI)) +exP(__~~(a_ IbI))1,
b* i~t i~t

�~= ~ + hi)) _exp(_~_~-(a— IbI))~~
b iz~t iz~t

~ (18)

The operationof exp(—iT~~r/h)is executedin a similar manner.
On the MasPar,processorsarearrangedin a two-dimensionalmesh.If weassigneachgrid point to a

processorin the mesh,all the operationsin Eq. (17)are local,i.e., only nearest-neighborcommunications
are required.Consequently,the communicationoverheadof the SSM is much smallerthan thoseof the
SM andthe CN. The communicationpatterninvolved in Eq.(17) is shownin Fig. id. The complexity of
the SSM on sequentialmachinesis t9(M), while on massivelyparallelarchitectureswith the numberof
processorscomparableto M, the paralleltime complexity is £9(1), i.e., the SSM is scalable.

4. Dynamical-simulated-annealingPoissonsolver

The fast Poissonsolver(FPS)is basedon the fact that the Fourier transformof the LaplacianV2 in
Eq. (9) becomeslocal. This enablesthe solution of Eq. (9) with c9(M)operations[29].The FPSalgorithm
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~, ~ _____________ ~ffh1~
Fig. 2. Hierarchicalmultilevel grids in the multigrid method.The first columnrepresentsthe conventionalmultigrid method where
a grid at the (1 — 1)th level is generatedby eliminating the evenrows and columnsfrom the finer grid at the lth level. In the
parallel superconvergentmultigrid method,a grid at the lth level producesfour coarsergrids at the (1 — 1)th level.

first calculatesthe Fourier transform~k of n(r) with 9(M log M) operations. Then Eq. (9) is solvedin
the Fourierspaceas = — 4’rre2nk/k2,with 9(M) operations, where v~’~is the Fourier transformof
VH(F). vH(r) is obtainedby taking the inverseFourier transformof yr. The complexity of the FPS is
thus t~’(Mlog M). A major drawbackof the FPS is that it applies only to the finite-differencePoisson
equationexpressedon rectangulargrid pointswith simpleboundaryconditions.

The multigrid method(MGM) revolutionizedthe solution of the Poissonequation,since it solvesthe
Poisson equation with ~9(M) operations[30]. In Jacobi or Gauss—Seidel relaxation methods, short
wave-lengthcomponentsof vH(r) convergequickly to the correct value within a small number of
iteration steps.However,theconvergenceof the longwave-lengthcomponentsis slow, andthis limits the
performance of relaxation methods. The MGM is based on the simple idea that slowly varying
long-wavelengthcomponentscanbe accuratelyrepresentedon a coarsermesh.By employinghierarchi-
calmesheswith coarsergrid spacings,the MGM solvesthe Poissonequationwith t~’(M)operations.

In the MGM, there is a set of multilevel meshes.The mesh at the lth level has a grid spacing
h, = L/2’(l = 1, 2,. . . , imax), where L is the system’slength.A meshat the (1 — 1)th level is obtainedby
eliminating the even columns and rows of the finer mesh at the lth level, see Fig. 2. The implementation
of the MGMon a processor array with the number of processors comparable to the number of grid
pointsrequires9(log M) parallel operations.The algorithm is inefficient when it operateson coarser
grids becausemostof the processorsare inactive.



190 A. Nakanoetal. / ComputerPhysicsCommunications83 (1994)181—196

In the parallelsuperconvergentmultigrid (PSMG)method[31], idle processorsareusedto accelerate
the convergenceof the conventionalMGM method.In fact themappingfrom a grid at the lth level to a
coarsergrid at the (1 — 1)th level is not unique. In two dimension,four coarsegrids canbe generated
from a fine grid, seeFig. 2. At coarserlevels,the finest grid is regardedas the union of a set of coarse
grids. The solutionsof the multiple coarsegrid equationsarecombinedto optimize theconvergencerate.

The PSMGalgorithmstarts from an initial guess,~H, for the solution of the Poissonequationon the
meshat the lth level. The exact solution,v~,at the lth level satisfiesthe Poissonequation,

A~’~v~=—4’rre2n, (19)

in matrix notation. Here A~’~is the Laplacianat the lth level,

(AWv~)k,j= 4(y~~ + + + y~H)~ — 4v~)), (20)

where 6~ 2’m~1 is the stride at the lth level.
Eq. (19) is solved following steps (i)—(v):

(i) Presmoothing.First, a relaxationmethodis appliedto convergethe short wave-lengthcomponents
of vH~We apply the smoothingoperationsiteratively to ~H,

*— [1 + Z~’~A~°]vH+ 4iie2Z~n. (21)

Different choices for the iteration matrix Z~’~define different relaxationmethods. The number of
iterationsappliedfor the presmoothingis denotedby y~.

(ii) The residualequation.After presmoothing,the residue,r, is calculatedfrom

r =A(l>vH + 4’rre2n. (22)

The error which is definedas e = v — ~H satisfiesthe residualequation,

A~’~e=—r. (23)

Sincethe presmoothinghasalreadyremovedthe short wave-lengthcomponentsof the error,the error is
accuratelyevaluatedon the coarsergrid, i.e., by solvingEq. (23)with 1 replacedby 1 — 1.

(iii) Interpolation. Supposethat Eq. (23) at the (1 — 1)th levelhasbeensolvedby somemethod.Then
the error, e,shouldbe interpolatedto give the correctionto the approximatesolution, ~H’ at the lth
level. Wedenotethe interpolationoperatorat the (1 — 1)th level as Q~~ so that the interpolationof e
is expressedas

e—Q~1~e. (24)

(iv) Correction.The solution vH at the lth level is correctedby adding the interpolatederror as

vU”—vH+e. (25)

(v) Post-smoothing.Now that the long wave-lengthcomponents have been corrected by Eq. (25), the
short wave-lengthcomponentsshouldbe smoothedagainby applyingEq. (21) repeatedly. The number of
the post-smoothing iterations is denotedby Y2~

The residualequation,Eq. (23), at the (1 — 1)th level is solvedby applying the aboveprocedure(i)—(v)
with ~H and4’rre2n replacedby e and r, at the coarserlevel, i.e., with 1 replacedby I — 1. The solution
at the (1 — 1)th level then requires the solution of Eq. (23) at the (1 — 2)th level. The procedureis
continuedrecursivelyuntil we reachthe coarsestresidualequation.At the coarsestlevel 1 = 1, Eq. (23)
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Fig. 3. Schematicrepresentationof the full multigrid method for ~ = 4. E representsthe exactsolution at the coarsestlevel. S
denotesthesmoothingoperation.

canbe solvedexactly,andthe recursiveprocedureis terminated.The recursionmayberepeatedto geta
more accurateresult.The numberof suchiterationsis denotedby r’.

In the full multigrid method,insteadof starting from an arbitrary initial guessfor vH’ we first start
from the exact solution to the Poissonequationat the coarsestlevel. The solution is thenusedas an
initial guessfor the Poissonequationat the secondlevel. The recursiveprocedure,(i)—(v), is applied v
timesto obtain a convergedsolution at this level. The solution at the secondlevel is usedas an input for
the Poissonequationat the third level.This procedureis continueduntil the solutionat the finest level
= l,~a,,is obtained,seeFig. 3. The interpolationmatrix Q~andthe iteration matrix Z~’~are determined

to achievethe bestconvergencerate in Ref. [31].
The PSMGmethodis implementedon the MasPar.Eachgrid point is assignedto a processorin the

two-dimensional processorarray. Interprocessorcommunicationsare implemented with the X-Net
communicationconstructionswith stride6~in theMPL (MasParParallelApplication Language)which is
a parallelextensionof the C language[38].

As shownabove,anelliptic PDEsuchas the Poissonequationis solvedwith a paralleltimecomplexity

t9(log M). In fact the Poissonequation,Eq. (9), is an approximationfor a hyperbolicPDE,

i a2
(__~.~-_~_V2)yH(r, t) =4ire2n(r, t), (26)

which may be derivedfrom Maxwell’s equationsby employingthe Lorentz gauge.Contraryto Eq. (9)
which is a Cauchyproblem, Eq. (26) is an initial value problem. The complexity of an initial value
problem is smallerthan that of Cauchyproblems.For example,as explainedbelow an algorithmwith
9(1) paralleloperationscanbe usedto solve Eq. (26) insteadof the t~(logM) paralleloperationsof Eq.
(9). The reason Eq. (26) is not used to determiney~(r,t) is that the characteristictime scale,

= h~/me~c= 2 X 1019 s, is much shorterthan the characteristictime for electronicmotion, Te =

h3/me4= 2 x 10_17 s. The two orders-of-magnitudedifferencein time scalesmakesit difficult to solve
Eqs.(1) and(26) concurrently.

This situationis reminiscentof coupledequationsfor electronsand ions. For ionic motion, the time
step in MD simulationsis r

1 10— 15 s, which is two orders-of-magnitudelarger than r~.Dynamic
simulationsof coupledelectron-ionsystemsare thereforeprohibitivelytime consuming.In 1985,Carand
Parrinello introducedthe dynamical-simulated-annealing(DSA) method to overcomethis problem[39].
Proposingfictitious dynamics for electrons,Car and Parrinello’s approachsolves the problem much
faster than the original electronic structureproblem. Correctstatisticalinformation is retainedin the
new coupleddynamicalsystem.

The DSA methodcanbe appliedto the coupledequations,Eqs.(1) and(9). Insteadof solving Eq.(9),
which assumesan adiabaticapproximationfor the electromagneticfield, we can introduceits dynamics
through Eq. (26). As long as the Hartreepotential follows the electron motion adiabatically,we can
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replacethe speedof light c in Eq. (26)by a much smallerfictitious velocity E. In this way thetime stepto
integrateEq. (26) canbe madelongerwhich speedsup the program.The basic idea of the DSA is to
replacethe Cauchyproblemby aninitial valueproblemwith lesscomplexity.

A similar DSA scheme,or the auxiliary field method,was proposedby Car andParrinelloin 1987 in
the contextof the first-principlesMD [32].They replacethe factor c—2 in Eq. (26)by a negativefictitious
mass, — ~aH’ associatedwith the Hartree potential. Their derivation of the schemeis basedon a
variationalprinciplewherean energyfunctional,

E[{~(r)}, VH(r)] = ~*(T) (_~v2)~(r)+fdrn(r) vo(r) +E,,~[n(r)]

+ 8’rre2 Jdr vH(r)V vH(r) + fdr n(r) yH(r), (27)

is minimizedwith respectto both the electronwavefunctions,{~f’(r)},andthe Hartreepotential,y~(r),
whereE~~[n(r)]is the exchange-correlationenergyfunctional [32]. We havefound that their functional,
in fact, has a maximum with respectto the Hartreepotential anda minimumwith respectto electron
wave functions.By expandingEq. (27) aroundthe correctHartreepotentialwhich satisfiesthe Poisson
equation,Eq. (9), we obtain

E[{~(r)}, VH(r) + ~vH(r)1 - E[{~(r)}, vH(r)1 = - 8~e2fdr I V6vH(r) 12<0. (28)

Therefore,their dynamical equationfor vH(r), which minimizes the energyfunctional by quenching,
mustbe replacedby onewhich maximizesit. This is readily achievedby replacingthe negativefictitious
massby a positiveone. In that case,the resultingequationis identical to Eq. (26)with c 2 replacedby a
fictitious speedfactor c2 = /hH.

Let usconsidera two dimensionalsystemin the finite differencescheme.The Hartreepotentialand
electrondensityarediscretizedas = ~H(J~’ k4) and = n(j4, k4) on a meshwith grid spacing
~. The standardfinite-differencerepresentationof the secondorder spatial derivativeoperatorin Eq.
(26) leadsto the equation

2 a2
(--) ~z4~)(t) = z4~

1(t)+ t4~1(t)+ ~r1~(~)+ vr11(t) - 4vr(t) + 4~re
2i~2nkJ(t),

(29)

where the fictitious velocity E has been introduced. Eq. (29) is similar to molecular dynamicswith
interactionsonly amongthe nearest-neighborgrid points.The time integrationof the ordinarydifferen-
tial equationin Eq. (29)canbe performedby oneof the many availableintegrationschemes[401.In this
paper,we employthe fourth-orderpredictor-correctormethodof Gear[40,41].

The equivalenceof Eq. (29) to MD may lead to anotherapplication of the QMD method. By
introducing a heat bath coupled to the Hartreepotential in Eq. (29) and using the isothermal MD
method[42], the effectof environmenton electrontransportcanbe studied.

We have implementedthe DSA Poissonsolver on an 8192-nodeMasParSIMD machine. In the
MasPar,8192 processorsarearrangedin a two-dimensionalrectangulararrayof size 128 X 64. We use
128 x 64 grid pointsandassigner(t)andnk,J(t) at eachgrid point to a processorin the array. The right
hand side of Eq. (29) includesthe valuesof the Hartreepotentialat the nearest-neighborgrid points.
Thesevaluesare fetchedby the fast X-Net communicationconstructionsin MPL [38]. After evaluating
the right-handside of Eq. (29), ~(H)(t) is integratedlocally within a processorby the predictor-corrector
method.
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Fig. 4. (a) Performancein million floatingpoint operationsper second(MFlops) of the space-splittingmethod (SSM) and the
spectralmethod (SM) for the solution of the time-dependentSchrödingerequationfor an electron in two dimensionsunder a
magneticfield. Thecalculation employs 128x 64 grid pointson an 8192-nodeMasPar.Measuredperformances(solid) in Mflops
arecomparedwith the theoreticalpeakspeed(hatched)of the MasPar.(b) Performanceof the~SM andSM for the sameproblem
in time stepsper second.

The DSA for the Hartree potential as well as the SSM for the Schrodingerequationare scalable
algorithmswith i9(1) parallel time complexity. This will havea significant impact on a broadrangeof
applicationssuchas conventionaldevicesimulations,computationalfluid dynamics,and computational
nanoelectronics.

5. Performanceof parallel QMD algorithms on MasPar

In this Section,we discussthe performancesof the parallel QMD algorithmsdescribedin Sections3
and 4, on an 8, 192-node MasPar 1208B.

5.1. Parallel Schrodingersolvers

Fig. 4a showsthe performancein million floating point operationspersecond(MFlops) of the SSM
and SM for the solution of the time-dependentSchrödingerequationof an electronin two dimensions
under a magneticfield. The numberof grid points is taken to be 128 x 64. The SSM achieves479
MFlops (64% of the theoretical peak speed, 750 MFlops), while the SM achieves22.3% of the
theoreticalpeak.Becausethe SSMinvolves only nearest-neighborcommunicationsit executes2.9 times
faster than the SM.

In our example, the SSM requires144M floating point operationswhere M is the numberof grid
points. On the other hand,the SM requires(16 log2M + 18)M operations.Asymptotically, the SSM
requiresless floating point operations.At M = 8,192, the numberof operationsin the SSM is already
smallerthan that for the SM. Combinedwith the smallercommunicationoverhead,it makesthe SSM
much fasterthan the SM. Fig. 4b showsthe performanceof the SSM andSM for the sameproblemin
time stepsper second.The SSM is 4.7 times faster than the SM and the performanceof the SSM
becomesbetterfor largerproblems.

We have tested the SSM Schrödingersolver on various other computersincluding (1) an IBM
3090/600Jvectorfacility (14.5ns, 6 processors),(2) anIBM RISC System/6000-560(50 MHz), and(3) a
Silicon Graphics (SGI) 4D/380 (33 MHz, 8 processors)shared-memoryMIMD machine.For all the
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Table I
Performanceof the space-splittingSchrödingersolverand thedynamical-simulated-annealingPoissonsolver

Computer Compiler SSSchrödingersolver DSA Poissonsolver TheoreticalPeak
(MFlops) (MFlops) (MFlops)

MasPar1208B MPL 3.0.28 475.4 459.8 750

(8,192proc)
IBM 3090/600J VS Fortran2.4 58.7 37.5 138
(14.5ns, 1 procout of 6) (opt(3),vector)
SGI4D/380 f77-pfa-03 58.4 21.7 106
(33 MHz, 8 proc)
IBM RISCSys/6000-560 177-0 54.6 19.6 100
(50 MHz)

computersexceptthe MasPar,the sameprogramwritten in Fortran is run usingcompileroptionslisted
in Table 1. On the MasPar, the program is written in the MPL languageand no machine-specific
optimization is appliedexceptthat registervariablesareexplicitly declared.On the IBM 3090,only one
processoris used,andall the inner do loopsarevectorized.On the SGI, all themajor loopsareexecuted
in parallelon the eight processors.

The resultsof numericalexperimentsaresummarizedin Table 1. The SSM algorithmrunsefficiently
on many architectures,particularlyon SIMD machines.On the shared-memoryMIMD architecture,SGI
4D/380 with 8 processors,we achieveaspeedupof 6.6.

5.2. Parallelpoissonsolvers

Fig. 5a comparesthe performancein MFlops of variousPoissonsolverson the MasPar.We consider
(1) the dynamical-simulated-annealing(DSA) method,(2) a fast Poissonsolver (FPS),and(3) a parallel
superconvergentmultigrid (PSMG) method. For the DSA and FPS, the results are obtained with
128x 64 grid points.The fourth-orderGearpredictor-correctormethod is usedfor the DSA algorithm.
For the PSMG,the resulton 63 x 63 nodesareextrapolatedto 8,192nodes.The PSMGparametersare

800

600 - (~)Ir -

~:I~JI ~lOOO~L -

DSA FPS PSMG theoretical 0
peak DSA FPS PSMG

Fig. 5. (a) Performancesin MFlopsof the (1) dynamical-simulated-annealing(DSA) method,(2) fastPoissonsolver(FPS),and(3)
parallel superconvergentmultigrid (PSMG)method on an 8,192-nodeMasParcomparedwith the theoreticalpeak speedof the
MasPar.For the DSA and FPS, the resultsare for the Poissonequationon 128X64 grid points. For the PSMG,the result is
calculatedon 63 X63 processorsandare extrapolatedto 8192 nodes.(b) Speedof the (1) DSA, (2) FPS,and (3) PSMG Poisson
solversfor thesameproblemin stepsexecutedin a secondon the MasPar.
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chosento be ~ = 72 = v = 1. TheDSA runsat 460 MFlops(61.3%of thetheoreticalpeak,750 MFlops),
while theFPSandthe PSMGrun at 160 MFlops (21.4%of the theoreticalpeak)and63 MFlops(8.4%),
respectively.The high speedof the DSA is due to small communicationoverhead.When the grid
geometryand appropriateboundaryconditionsareused,the FPS is faster than the PSMG. The latter,
however,is applicableto a broaderclass of problems.The DSA is applicable regardlessof the grid
geometryandboundaryconditionsbut only for dynamicalproblems.

Fig. Sb showsthe speedof various Poissonsolversin stepsexecutedpersecond.Here22.2 DSA steps
areexecutedin the sametime as oneFPSstep.Supposethat in a QMD programwith the DSA Poisson
solver,we executen H = 22 time Stepsof the temporalevolution of the Hartreepotentialbetweentwo
successivestepsfor the time-dependentKohn—Shamequations.Thenwe get the samespeedas that of
the QMD programwith the FPSPoissonsolver.By choosingthe fictitious speedE in Eq. (29) properly,
the time stepfor the Hartreepotentialwhich is 1/22 of the time stepfor electronsprovidessufficient
accuracyto describethe dynamicsof many-electronsystems.For larger systems,the DSA algorithm,
needingonly nearest-neighborcommunications,becomesmuch faster than the FPSalgorithmbecause
the maximumcommunicationdistancein theFPSgrowsas t9’(M1”2). Furthermore,the executiontime of
the FPS algorithm grows as 9(log M), while the executiontime for the DSA remains the same.
Therefore,for large-scalesimulations,the DSA Poissonsolver is superiorto the FPS.For systemswith
nonuniform grid points, where the FPS is not applicable,the DSA is alreadyfasterthan the PSMG
methodat M = 8192.(With the choiceof nH = 22, the DSA is 8 timesfaster thanthe PSMG.)

Table 1 summarizesthe performanceof the DSA Poissonsolver on various computers.The SIMD
architectureexhibits the highestpercentageof thetheoreticalpeakspeed.The DSA Poissonsolverruns
efficiently on many architectures.On the 8 processorSGI 4D/380,the speedupis 8.6. The superlinear
speedupis possiblepartly becausewe do not optimize the paralleland sequentialprogramsseparately;
the sequentialprogramis obtainedsimply by setting the environmentalparameterfor the numberof
processorsto be one. Another reasonfor the superlinearspeedupis that with more processorsthe
programcan utilize moreresourcessuchas fast cachememoriesattachedto processors.

6. Conclusion

We haveimplementedthequantummoleculardynamicsmethodto studynanodeviceson an 8,192-node
SIMD architecturefrom MasPar.The spacesplitting Schrodingersolver andthe dynamical-simulated-
annealingPoissonsolver run efficiently on the architecture.Both programsarescalablewith the parallel
time complexity .9(1), andlocal, i.e., they requireonly nearest-neighborcommunications.Both programs
achievemore than 60% of the theoreticalpeakspeedof the MasPar.The parallelquantummolecular
dynamicscodeshavebeenusedon the MasParto studyelectrontransportin variousnanodevices[12,15].
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