
Pseudopotentials

Aiichiro Nakano
Collaboratory for Advanced Computing & Simulations

Depts. of Computer Science, Physics & Astronomy, Chemical 
Engineering & Materials Science, and Biological Sciences   

University of Southern California
Email: anakano@usc.edu

How to abstract atoms in solid?



Background: Atomic Orbitals
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• Hydrogen eigenstates (r = vxc = 0)
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Hydrogen Eigenstates

Outer shells (i.e., 
larger n) spread 
outward

r2Rnl2(r)

s: l = 0
p: l = 1
d: l = 2

r (a.u.)

See notes on (1) Laplacian in spherical coordinates & (2) Schrodinger equation for spherically 
symmetric potentials



Herman-Skillman Solutions for Atoms
• Hartree approximation (vxc = 0) for many-electron interaction

Outer shells (i.e., larger n) still spread outward
For the inclusion of xc potential, see notes on (1) Numerical integration of radial wave 
function & (2) Kohn-Sham potential



Atomic Orbitals
• s orbital (l = 0)

• p orbital (l = 1): Cartesian representation
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sp3 Hybridization: Pauling’s Note (1930)



Charge Density at GaAs/Si (111) Interface

Z. Yuan et al., J. Appl. Phys. 114, 074316 (’13); Nano Lett. 13, 4925 (’13) 

Occupied

Unoccupied

Band Ga 4s Ga 4p Ga 4d As 4s As 4p As 4d Total

1150 0.0000 0.1157 0.0708 0.0000 0.8033 0.0101 1

1151 0.0000 0.1158 0.0709 0.0000 0.8033 0.0100 1

1152 0.0000 0.1166 0.0713 0.0000 0.8017 0.0104 1

1153 0.6763 0.0000 0.0000 0.3236 0.0001 0.0000 1

Projection of Kohn-Sham wave functions onto atomic orbitals

• Highest occupied states in Si 
have the hybrid sp3

character
• Occupied GaAs states are As 

p-like (lowest unoccupied 
states are s-like)



Wave Functions in MoSe2 Bilayer
• Highest occupied states (blue) are dz2-like
• Lowest unoccupied states (red) are dxy-like

M.-F. Lin et al., Nature Commun. 8, 1745 (’17)
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Valence Electrons
• Example: Silicon — 1s22s22p63s23p2

http://www.webelements.com



Abstraction: Pseudopotential
• Silicon — 1s22s22p63s23p2

• Consider only (chemically active) valence electrons
• Pseudopotential 𝑉FGHIJK & pseudowave function ΨFGHIJK are 

constructed such that the latter agrees with the all-electron 
wave function ΨMN beyond a cutoff radius rc

• It is not necessary to orthogonalize ΨFGHIJK to inner orbitals; 
resulting in a much more slowly varying function than ΨMN



Norm-Conserving Pseudopotential

Troullier & Martins, Phys. Rev. B 41, 1993 (’91)

See notes on (1) Norm-conserving pseudopotential & (2) Logarithmic derivative

Construct pseudopotentials such that:

1. Pseudowave functions, 𝑅1OO 𝑟 	(𝑙 = 0,1,2, … ), contain no nodes

2. 𝑅1TT 𝑟 coincides with the all-electron wave function 𝑅1MN 𝑟 beyond a cutoff 
radius rcl

3. The charge enclosed within rcl for the AE- & pseudo-wave functions must be 
equal
∫ 4𝜋𝑟>𝑑𝑟 𝑅1OO(𝑟)

>WXY
Z = ∫ 4𝜋𝑟>𝑑𝑟 𝑅1MN(𝑟)

>WXY
Z

4. AE- & pseudo-eigenenergies must be identical
𝐸1OO = 𝐸1MN

5. Conditions 2 & 4 imply: the logarithmic derivatives of the two wave 
functions must match at rcl
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Local & Nonlocal Pseudopotentials

Kleinman & Bylander, Phys. Rev. Lett. 48, 1425 (’82)

• Ionic pseudopotential operator

• (Example) Polyethylene slab without & with external electric field

• Fully nonlocal pseudopotential ~ projection

𝑉deKfOO 𝑟 = 𝑉eKf,gKhigOO 𝑟 +j|𝑙𝑚⟩∆𝑉1 𝑟 ⟨𝑙𝑚|
�

1,2

Common to all
angular momenta

Angular-momentum
dependent

x (Å)

(V/Å)

See notes on (1) Nonlocal pseudopotential & (2) Fully nonlocal pseudopotential 

𝑉dop =j|𝜒12⟩⟨𝜒12|
�

1,2 separable



Projector-Augmented Wave (PAW)
• Core-charge correction significantly increases the transferability
𝑣sth 𝐫 = 𝑣th 𝜌Ow , 𝐫 + 𝑣th 𝜌Ow + 𝜌hKxH , 𝐫 − 𝑣th 𝜌Ow , 𝐫

• An “all-electron” electronic structure calculation that separates smooth 
pseudowave functions & rapidly varying all electron wave functions by 
using projection function

• For practical construction of pseudopotentials, see T. Sugahara et al., Phys. Rep. 
Kumamoto Univ. 12, 279 (’06)

Blochl, Phys. Rev. B 50, 17953 (’94) 

|ΨMNy = |ΨOOy +j |𝜙zMNy − |𝜙zOOy
�
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Atomic
partial wave

Projection
function

Louie, Froyen & Cohen, Phys. Rev. B 50, 1738 (’82) 

smooth-indetail (all electron)-out


