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Markov Chains for Complex Dynamics
• Hidden Markov model — Viterbi algorithm (cf. dynamic programming)
• Perron-Frobenius eigenvalue cluster analysis 

Proc. IEEE, 77, 257 (’89)

IEEE Signal Processing Mag., 12(5), 42 (’95)

Int’l J. Comput. Sci. 4, 352 (’10)

cf. Henry’s historical breakthrough

https://aiichironakano.github.io/phys516/Rabiner-HMM-IEEE89.pdf
https://aiichironakano.github.io/phys516/Lou-Viterbi-SPM95.pdf


Ising Model
• Ising model: A collection of spins on a lattice, {sk | sk = ±1}
• Potential energy

where J is the exchange coupling, H is the magnetic field, & (k, l) are 
nearest-neighbor pairs of lattice sites

• Periodic boundary condition: Wrapping around the lattice 
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https://crd.lbl.gov/news-and-publications/news/2022/lindsay-bassman-
awarded-prestigious-marie-curie-fellowship/

USC physics Ph.D.: 
Simulating Ising
dynamics on 
quantum computers
Phys. Rev. B 101, 
184305 (’20)
Quant. Sci. Tech. 6, 
014007 (’21)

https://aiichironakano.github.io/phys516/Bassman-DynamicQComp-PRB20.pdf
https://aiichironakano.github.io/phys516/Bassman-DynamicQComp-PRB20.pdf
https://aiichironakano.github.io/phys516/Bassman-QuntumCompiler-QST21.pdf
https://aiichironakano.github.io/phys516/Bassman-QuntumCompiler-QST21.pdf


Exotic Magnets
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3D Ising Problem Is NP-Complete



Ising Model in Machine Learning

Machine Learning and the Physical Sciences
G. Carleo et al., Rev. Mod. Phys. 91, 045002 (’19)

Physically very appealing methods for unsupervised learning are the so-called
Boltzmann machines (BM). A BM is basically an inverse Ising model where
the data samples are seen as samples from a Boltzmann distribution of a
pairwise interacting Ising model. The goal is to learn the values of the
interactions and magnetic fields so that the likelihood (probability in the
Boltzmann measure) of the observed data is large.

Quantum-neural nexus?

Quantum-annealing Boltzmann machine
J. Liu et al., Comput. Mater. Sci. 173, 109429 (’20)

Hybrid BM-quantum circuit
G. Torlai et al., Phys. Rev. Lett. 123, 230504 (’19)

https://aiichironakano.github.io/phys516/Carleo-ML4physics-RMP19.pdf
https://aiichironakano.github.io/phys516/Liu-QLBM-CMS20.pdf
https://aiichironakano.github.io/phys516/Torlai-NeuralQuantumStateReconstruction-PRL19.pdf


MC Algorithm for 2D Ising Model
initialize the spins, s[i][j] (0 ≤ i,j ≤ L-1)
Sum_A = 0
for step = 1 to maximum_step

randomly select a grid point, (i,j)
compute the change in potential energy, dV, with a single spin
flip, si,j ® -si,j // Attempt
if dV < 0 accept the flip, si,j ¬ -si,j
else if random() ≤ exp(-dV/kBT) then   // 0 < random() < 1

accept the flip, si,j ¬ -si,j
endif
Sum_A = Sum_A + A(sN)    // Sample physical quantity A(sN)

endfor
Average_A = Sum_A/maximum_step

i = L*(rand()/(double)RAND_MAX);
j = L*(rand()/(double)RAND_MAX);
i = rand()%L;
j = rand()%L;
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State Transition

• double exp_dV[2][5]:

Spin flip:

Pre-compute & store transition probability in a table
Note exp() function is compute-intensive



Now, How to Code?
Life of a computational 
physicist: Concept to 
algebra to program (= 
data structure—define & 
algorithm—pseudocode)

https://github.com/USCCACS/DCMESH

https://github.com/USCCACS/DCMESH


Data Structures
• #define L 20 //Lattice size
int s[L][L]; //Spins s[i][j] = ±1

• Periodic boundary condition: The west, east, south, north 
neighbors of site (i, j) are (im, j), (ip, j), (i, jm), (i, jp), where

im = (i + L - 1) % L;
ip = (i + 1) % L;
jm = (j + L - 1) % L;
jp = (j + 1) % L;

• Transition probability: double exp_dV[2][5];

where
k = (1 + s)/2 (k = 0,1; s = -1,1)
l = (4 + S)/2 (l = 0,1,2,3,4; S = Sneighbor s¢ = -4,-2,0,2,4)

• Ising model parameters
double JdivT; // J/kBT
double HdivT; // H/kBT

k=(1+s)/2 s
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Spin→array-index transformation



Physical Quantities

• double sumM = 0.0, sumM2 = 0.0; // double type to avoid overflow
> To calculate the mean & variance of the magnetization at the end
> After each MC step

sumM += runM;
sumM2 += runM*runM;

• int Sta_step;
> # of MC steps to be performed
> Mean & standard deviation of the magnetization

• double runM;  
> Running value of magnetization, 𝑀 = ∑% 𝑠%
> To update, 𝑀 += 2𝑠%4

double avgM, sigM;

𝑠𝑖𝑔𝑀 = 56789
:;<_5;>?

− 𝑎𝑣𝑔𝑀9

𝑎𝑣𝑔𝑀 = 𝑠𝑢𝑚𝑀/𝑆𝑡𝑎_𝑠𝑡𝑒𝑝



Magnetization & Its Fluctuation
L = 20

Histogram for 2 million MC steps
Note: it’s an absolute value



Energy & Its Fluctuation

Potential energy: 

M(sN)

See notes on (1) fluctuation-dissipation theorem, (2) unitary time propagation
& (3) linear response

L = 20

Rich physics: (1) ferro-to-para-to-antiferromagnetic phase transitions; 
(2) nucleation growth; (3) fluctuation-dissipation theorem 

https://aiichironakano.github.io/phys516/FluctuationDissipation.pdf
https://aiichironakano.github.io/phys516/UnitaryTimePropagator.pdf
https://aiichironakano.github.io/phys516/LinearResponse.pdf


Cluster MC Algorithms
• Cluster MC: Speed up the convergence of MC simulations by introducing 

collective motions of the degrees-of-freedom, e.g., flipping a cluster of 
spins at a time

• Correlation time, t: The number of MC steps before two states become 
uncorrelated, 𝛿𝑀(𝑡 + 𝑡@)𝛿𝑀(𝑡@) ;! = 𝛿𝑀 9 exp(−𝑡/𝜏)

• Dynamic critical exponent, z: Near the critical temperature for magnetic-
to-nonmagnetic phase transition, t ~ Lz (L: system size)
> z = 2.125 for 2D Ising model
> z = 0.35 for Swendsen-Wang cluster MC (’87)
> z ~ 0 for multigrid (hierarchical cluster) MC (Kandel et al., ’88) 



Cluster MC Algorithm—Wolff

Algorithm: Single step of Wolff’s cluster flip

1. Choose a seed spin at random from the lattice.

2. Look in turn at each of the neighbors of that spin. If they are pointing in
the same direction as the seed spin, add them to the cluster with
probability Padd = 1 - exp(-2J/kBT).

3. For each spin that was added in step 2, examine each of its neighbors to
find the ones pointing in the same direction & add each of them to the
cluster with probability Padd. Repeat this step as many times as necessary
until there are no spins left in the cluster whose neighbors have not been
considered for inclusion in the cluster.

4. Flip the cluster

U. Wolff, Phys. Rev. Lett. 62, 361 (’89)
https://aiichironakano.github.io/phys516/Phys516-MCred.pdf

https://aiichironakano.github.io/phys516/Phys516-MCred.pdf


Detailed Balance in Wolff Algorithm
• Key to detailed balance, : Padd = 1 - exp(-2J/kBT)

• Detailed balance for a cluster flip:
µ® n (m bonds broken); n ® µ (n bonds broken)

(1 - Padd)m P(µ)  =  (1 - Padd)n P(n)  
or  

(1 - Padd)m-n =  P(n)/P(µ)

(1 - Padd)m-n = exp(-2J[m-n]/kBT) = exp(-[En - Eµ]/kBT) = P(n)/P(µ) 



Wolff Cluster MC Program

/* Put a random seed spin site onto a stack */
i = rand()%L; j = rand()%L; 
stack[0] = i*L + j; // 1D site index put in a stack
sp = 1;  // Stack pointer

/* Flip the seed and remember the old & new spins */
oldspin = s[i][j]; newspin = -s[i][j];
s[i][j] = newspin; 

Initiate a cluster-flip step using a stack



Cluster Flip
while (sp) {
/* Pop a site off the stack */
current = stack[--sp]; i = current/L; j = current%L;

/* Check the neighbors */
if ((nn=i+1) >= L) nn -= L; /* South neighbor */
if (s[nn][j] == oldspin)
if (rand()/(double)RAND_MAX < padd) {
stack[sp++] = nn*L + j; s[nn][j] = newspin;

}

if ((nn=i-1) < 0) nn += L; /* North neighbor */
if (s[nn][j] == oldspin)
if (rand()/(double)RAND_MAX < padd) {
stack[sp++] = nn*L + j; s[nn][j] = newspin;

}

if ((nn=j+1) >= L) nn -= L; /* East neighbor */
if (s[i][nn] == oldspin)
if (rand()/(double)RAND_MAX < padd) {
stack[sp++] = i*L + nn; s[i][nn] = newspin;

}

if ((nn=j-1) < 0) nn += L; /* West neighbor */
if (s[i][nn] == oldspin)
if (rand()/(double)RAND_MAX < padd) {
stack[sp++] = i*L + nn; s[i][nn] = newspin;

}
} /* End while stack is not empty */



Sample Run


