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Quantum Universe
• Wheeler-deWitt equation
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Photoexcited Electron Dynamics



Wave Equation
• Complex wave function

• Probability

• Normalization

• Schrödinger (partial differential) equation
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Single-Electron Double-Slit Experiment

Akira Tonomura (Hitachi, Ltd.)
http://rdg.ext.hitachi.co.jp/rd/moviee/doubleslite-n.mpeg

What wave?



Atomic Unit

Bohr

Hartree

Time-dependent Schrödinger equation 
in atomic unit

Length, energy & time in atomic unit
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Two-Dimensional Electron
• Schrödinger equation (in atomic unit)

• Hamiltonian operator

• Periodic boundary condition
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Layered Materials Genome
• Atomically-thin layered materials will dominate materials science in this 

century 
Geim & Grigorieva, Nature 499, 419 (’13)

• Tuning material properties in 
desired ways by building 
heterostructures composed of 
unlimited combinations of 
atomically thin layers in a way 
similar to genomics https://aiqma.netlify.app



Spatial Discretization
• Regular 2D mesh: yjk = y(jDx, kDy) (Dx = Lx/Nx & Dy = Ly/Ny)

• Finite differencing
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• Formal solution to the Schrödinger equation: &
&'
𝜓 𝑡 = −𝑖𝐻𝜓(𝑡)

• Split-operator method (Trotter-expansion): unitary!

• Potential propagator (mesh point-by-point complex-number 
multiplications)

Temporal Propagation
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Split in a way each operator is easily exponentiated

Rotation
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𝑇# =
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Kinetic Propagator
• Mesh-point coupling

• Tridiagonal matrix representation

Note the periodic
boundary condition

Q 𝑎 = 1/2(∆𝑥)!

𝑏 = −1/2(∆𝑥)!

𝑇-𝜓/,1 = 𝑏𝜓/42,1 + 2𝑎𝜓/,1+ 𝑏𝜓/52,1



Space Splitting Method (SSM)
• 2´2 block-diagonal decomposition & split-operator exponentiation
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Data Structures in Program qd.c
• Wave function: psi[NX+2][NY+2][2]
• Periodic boundary condition by auxiliary elements
for (sy=1; sy<=NY; sy++)
for (s=0; s<=1; s++) {
psi[0][sy][s] = psi[NX][sy][s];
psi[NX+1][sy][s] = psi[1][sy][s];}

for (sx=1; sx<=NX; sx++)
for (s=0; s<=1; s++) {
psi[sx][0][s] = psi[sx][NY][s];
psi[sx][NY+1][s] = psi[sx][1][s];}

https://aiichironakano.github.io/phys516/src/QD/



Potential Propagator in qd.c
• Potential barrier: v[NX+2][NY+2]

• Potential propagator: exp(-iVDt/2), u[NX+2][NY+2][2]
• Potential propagation: y ¬ exp(-iVDt/2) y
for (sx=1; sx<=NX; sx++)
for (sy=1; sy<=NY; sy++) {
wr=u[sx][sy][0]*psi[sx][sy][0]-u[sx][sy][1]*psi[sx][sy][1];
wi=u[sx][sy][0]*psi[sx][sy][1]+u[sx][sy][1]*psi[sx][sy][0];
psi[sx][sy][0]=wr;
psi[sx][sy][1]=wi;}



Kinetic Propagator in qd.c

/* WRK|PSI holds the new|old wave function */
for (sx=1; sx<=NX; sx++)

for (sy=1; sy<=NY; sy++) {
wr=al[d][t][0]*psi[sx][sy][0]-al[d][t][1]*psi[sx][sy][1];
wi=al[d][t][0]*psi[sx][sy][1]+al[d][t][1]*psi[sx][sy][0];
if (d==0) {

wr+=(blx[t][sx][0]*psi[sx-1][sy][0]-blx[t][sx][1]*psi[sx-1][sy][1]);
wi+=(blx[t][sx][0]*psi[sx-1][sy][1]+blx[t][sx][1]*psi[sx-1][sy][0]);
wr+=(bux[t][sx][0]*psi[sx+1][sy][0]-bux[t][sx][1]*psi[sx+1][sy][1]);
wi+=(bux[t][sx][0]*psi[sx+1][sy][1]+bux[t][sx][1]*psi[sx+1][sy][0]);}

else if (d==1) {
wr+=(bly[t][sy][0]*psi[sx][sy-1][0]-bly[t][sy][1]*psi[sx][sy-1][1]);
wi+=(bly[t][sy][0]*psi[sx][sy-1][1]+bly[t][sy][1]*psi[sx][sy-1][0]);
wr+=(buy[t][sy][0]*psi[sx][sy+1][0]-buy[t][sy][1]*psi[sx][sy+1][1]);
wi+=(buy[t][sy][0]*psi[sx][sy+1][1]+buy[t][sy][1]*psi[sx][sy+1][0]);}

wrk[sx][sy][0]=wr;
wrk[sx][sy][1]=wi;}

/* Copy the new wave function back to PSI */
for (sx=1; sx<=NX; sx++)

for (sy=1; sy<=NY; sy++)
for (s=0; s<=1; s++) psi[sx][sy][s]=wrk[sx][sy][s];

𝑈-
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Initial Wave Function
• Gaussian wave packet

Symbol Variable in qd.c
x0 (packet center) X0
s (packet spread) S0
k02/2 (energy) E0

𝜓 𝑥, 𝑡 = 0 = 𝐶exp −
(𝑥 − 𝑥H),

4𝜎,
exp 𝑖𝑘H𝑥 sin

𝜋𝑦
𝐿J



Quantum Dynamics—II
One Dimensional System

Goal: Understand qd1.c

Aiichiro Nakano
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Wave Equation
• Complex wave function

• Normalization

• Schrödinger equation (in atomic unit)

• Hamiltonian operator

• Periodic boundary condition
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Spatial Discretization

• Regular 1D mesh: yj = y(jDx) (Dx = Lx/Nx)

• Finite differencing $!
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exp −𝑖𝑉∆𝑡/2 𝜓 = = exp −𝑖𝑉=∆𝑡/2 𝜓=
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+𝑖 −sin 𝑉=∆𝑡/2 Re𝜓= + cos 𝑉=∆𝑡/2 Im𝜓=

Temporal Propagation
• Formal solution to the Schrödinger equation: @

@A
𝜓 𝑡 = −𝑖𝐻𝜓(𝑡)

• Split-operator method: unitary!

• Potential propagator (mesh point-by-point complex-number 
multiplications)
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𝜓 𝑡 + ∆𝑡 = exp(−𝑖𝐻∆𝑡)𝜓 𝑡 exp −i;𝐻𝑡 = ∑/012 .3, *

/!
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Split in a way each operator is easily exponentiated

Rotation
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cos 𝑉./∆𝑡/2 sin 𝑉./∆𝑡/2
−sin 𝑉./∆𝑡/2 cos 𝑉./∆𝑡/2

Re𝜓./
Im𝜓./

exp 𝑖𝑎 = ∑0-"1 (34)#

0!
= 1 − 4$

$!
+ 4%

7!
−⋯ + 𝑖 𝑎 − 4&

8!
+ 4'

9!
−⋯

= cos 𝑎 + 𝑖sin(𝑎)



Kinetic Propagator: It’s a Matrix!
• Mesh-point coupling

• Tridiagonal matrix representation

Note the periodic
boundary condition
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Q 𝑎 = 1/2(∆𝑥)!

𝑏 = −1/2(∆𝑥)!

𝑇-𝜓/ = 𝑏𝜓/42 + 2𝑎𝜓/+ 𝑏𝜓/52



Space Splitting Method (SSM)
• 2´2 block-diagonal decomposition & split-operator exponentiation

Trotter expansion:
Exponential of a matrix ® Taylor expansion
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Split-operator (Trotter expansion) again

How?  Block diagonal → block-by-block exponentiation
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Space Splitting Method (SSM)

Just need 2×2 exponentiation

Use eigen-decomposition & telescoping

exp −𝑖𝛥tT( = 𝑈(
half 𝑈(
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𝑖𝛥𝑡
𝑛 (𝑎 − 𝑏

𝑈𝐷𝑈+, - = 𝑈𝐷𝑈+, 𝑈𝐷𝑈+,⋯𝑈𝐷𝑈+,
-

= 𝑈𝐷-𝑈+,

𝐷 = 𝜀' 0
0 𝜀.

𝐷/ = 𝜀'/ 0
0 𝜀./



Data Structures in Program qd1.c
• Wave function: psi[NX+2][2]
• Periodic boundary condition by auxiliary elements
for (s=0; s<=1; s++) {
psi[0][s] = psi[NX][s];
psi[NX+1][s] = psi[1][s];

}

Nx+1

Active dynamic variables [1,Nx]

𝑝𝑠𝑖 𝑗 0 1 = (Re|Im)𝜓IJ%

https://aiichironakano.github.io/phys516/src/QD/



Potential Propagator in qd1.c
• Potential barrier: v[NX+2]
• Potential propagator: exp(-iVDt/2), u[NX+2][2]
• Potential propagation: 𝝍 ← exp(-iVDt/2)𝝍
for (sx=1; sx<=NX; sx++)
wr=u[sx][0]*psi[sx][0]-u[sx][1]*psi[sx][1];
wi=u[sx][0]*psi[sx][1]+u[sx][1]*psi[sx][0];
psi[sx][0]=wr;
psi[sx][1]=wi;

}

exp −
𝑖𝑉D∆
2

𝜓D ≡ 𝑢𝜓 = 𝑢E + 𝑖𝑢F 𝜓E + 𝑖𝜓F = 𝑢E𝜓E − 𝑢F𝜓F
GHIJ;

+ 𝑖 𝑢E𝜓F + 𝑢F𝜓E
GHIJ<

𝑢 𝑗 0 = cos −
∆𝑡
2
𝑉D

𝑢 𝑗 1 = sin −
∆𝑡
2
𝑉D



𝑈(
(LMNO)𝜓

Q
= 𝜀R?𝛿STU Q,R ,E𝜓Q?F + 𝜀R>𝜓Q + 𝜀R?𝛿STU Q,R ,F𝜓Q>F

𝑈(
(OVNN)𝜓

Q
= 𝜀F?𝛿STU Q,R ,F𝜓Q?F + 𝜀F>𝜓Q + 𝜀F?𝛿STU Q,R ,E𝜓Q>F

Kinetic Propagator in qd1.c
ahalfbhalf(low) bhalf(up)

afullbfull(low) bfull(up)

exp −𝑖𝛥tT+ = 𝑈+
half 𝑈+

full 𝑈+
half +𝑂 [∆𝑡],

=

𝜀-. 𝜀-/

𝜀-/ 𝜀-.

𝜀-. 𝜀-/

𝜀-/ 𝜀-.
⋱

𝜀-. 𝜀-/

𝜀-/ 𝜀-.

𝜀0. 𝜀0/

𝜀0. 𝜀0/

𝜀0/ 𝜀0.
⋱

𝜀0. 𝜀0/

𝜀0/ 𝜀0.

𝜀0/ 𝜀0.

𝜀-. 𝜀-/

𝜀-/ 𝜀-.

𝜀-. 𝜀-/

𝜀-/ 𝜀-.
⋱

𝜀-. 𝜀-/

𝜀-/ 𝜀-.

𝜀/, =
1
2 exp L−

𝑖𝛥𝑡
𝑛 (𝑎 + 𝑏 + exp L−

𝑖𝛥𝑡
𝑛 (𝑎 − 𝑏

𝜀/- =
1
2 exp L−

𝑖𝛥𝑡
𝑛 (𝑎 + 𝑏 − exp L−

𝑖𝛥𝑡
𝑛 (𝑎 − 𝑏

for (sx=1; sx<=NX; sx++) { // wrk[][]|psi[][] holds new|old wave function
wr=al[t][0]*psi[sx][0]-al[t][1]*psi[sx][1]; // al[0|1][]: 𝛼half|full
wi=al[t][0]*psi[sx][1]+al[t][1]*psi[sx][0];

wr+=(bl[t][sx][0]*psi[sx-1][0]-bl[t][sx][1]*psi[sx-1][1]); // bl[0|1][][]: 𝛽
half|full
(=>?)

wi+=(bl[t][sx][0]*psi[sx-1][1]+bl[t][sx][1]*psi[sx-1][0]);

wr+=(bu[t][sx][0]*psi[sx+1][0]-bu[t][sx][1]*psi[sx+1][1]); // bu[0|1][][]: 𝛽
half|full
(@AB@)

wi+=(bu[t][sx][0]*psi[sx+1][1]+bu[t][sx][1]*psi[sx+1][0]);}
wrk[sx][0]=wr;
wrk[sx][1]=wi;}

for (sx=1; sx<=NX; sx++) // Copy new wave function back to psi
for (s=0; s<=1; s++)

psi[sx][s]=wrk[sx][s];

𝜓D ← 𝛽W 𝜓D?F + 𝛼𝜓D + 𝛽X 𝜓D>F



Initial Wave Function
• Gaussian wave packet

Symbol Variable in qd1.c
x0 (packet center) X0
s (packet spread) S0
k0

2/2 (energy) E0

𝜓 𝑥, 𝑡 = 0 = 𝐶exp −
(𝑥 − 𝑥H),

4𝜎,
exp 𝑖𝑘H𝑥

𝑖
𝜕
𝜕𝑡 exp 𝑖𝑘1𝑥 − 𝑖

𝑘1!

2 𝑡 =
𝑘1!

2 exp 𝑖𝑘1𝑥 − 𝑖
𝑘1!

2 𝑡

−
1
2
𝜕!

𝜕𝑥! + 0 exp 𝑖𝑘1𝑥 − 𝑖
𝑘1!

2 𝑡 =
𝑘1!

2 exp 𝑖𝑘1𝑥 − 𝑖
𝑘1!

2 𝑡



Quantum Dynamics—III
Spectral Method

Goal: Understand Fourier transform in the context of the orthonormal 
plane-wave basis set in a vector space

Resolution of identity:
1 =X

-

| ⟩𝑛 ⟨𝑛|

Aiichiro Nakano
Collaboratory for Advanced Computing & Simulations

Department of Computer Science
Department of Physics & Astronomy

Department of Chemical Engineering & Materials Science
Department of Quantitative & Computational Biology

University of Southern California
Email: anakano@usc.edu



Discrete Fourier Transform
• Discretize y(x) Î C (x Î [0, L]) on N mesh points, xj = jDx (j = 0, ..., N-1), 

with equal mesh spacing, Dx = L/N
• Periodic boundary condition: y(x + L) = y(x)

• Discrete Fourier transform: Represents y(x) as a linear combination of 
exp(ikx) = cos(kx) + i sin(kx), with different wave numbers, k

𝑘Y = K 2 ⁄𝜋𝑚 𝐿 𝑚 = 0,1, … , ⁄𝑁 2 − 1
2𝜋 ⁄𝑚 − 𝑁 𝐿 𝑚 = ⁄𝑁 2 , ⁄𝑁 2 + 1,… , 𝑁 − 1

𝜓D = S
YZE

[?F

T𝜓Yexp 𝑖𝑘Y𝑥D

T𝜓Y =
1
𝑁
S
DZE

[?F

𝜓Dexp −𝑖𝑘Y𝑥D

First Brillouin zone



Wave Numbers
• Periodic boundary condition, y(x + L) = y(x), is guaranteed by choosing 

km = 2pm/L

• Folding back the latter half of wave numbers by 012
3
= 2𝜋/∆𝑥

(cf. first Brillouin zone): 
From 0, 012

3
= [0, 01

∆5
] to − 01

3
_ 2
0
, 01
3
_ 2
0
= [− 1

∆5
, 1
∆5
]

𝑒'
!()
* (#,*) = 𝑒'

!()
* #,!() = 𝑒'

!()
* # 𝑒'!()

(.678)9/09/0

= 𝑒'
!()
* #

𝑒' 192
78:
; #<

= 𝑒'19#<𝑒2'
78:
; •;:4

= 𝑒'19#<𝑒2'!(4
=

= 𝑒'19#<

∆𝑥 =
𝐿
𝑁

The shift won’t change wave-function value on any grid point



• Completeness: | ⟩𝜓 = ∑>?@2+, | ⟩𝑚 𝑚 𝜓 or 1 = ∑>?@2+, | ⟩𝑚 ⟨𝑚|

• Fourier transform:  𝜓A = X
>?@

2+,

exp ik>𝑥A
1
𝑁
X
B?@

2+,

exp −ik>𝑥B 𝜓B

Orthonormal Basis Set
• N-dimensional vector space: 

• Plane-wave basis set: | c⟩𝑚 = 𝑏> 𝑥A = ,
2
exp 𝑖𝑘>𝑥A 𝑚 = 0,1, … , 𝑁 − 1

• Orthonormality: 𝑚 𝑛 = ∑A?@2+, 𝑏>∗ 𝑥A 𝑏- 𝑥A = 𝛿>,- = g1 (𝑚 = 𝑛)
0 (𝑚 ≠ 𝑛)

| ⟩𝜓 = 𝜓@, 𝜓,, … , 𝜓2+,

𝑘/ − 𝑘O 𝑥I =
2𝜋(𝑛 −𝑚)

𝐿
,
𝐿
𝑁
𝑗

∴ 𝑚 𝑛 =
1
𝑁
X

A?@

2+,
exp 𝑖(𝑘- − 𝑘>)𝑥A =

1
𝑁
X

A?@

2+,
exp 𝑖

2𝜋
𝑁

𝑛 − 𝑚 𝑗

=

,
2
EFG H01 -+> +,

EFG H!#$ -+> +,
= 0 (𝑚 ≠ 𝑛)

,
2
_ 𝑁 = 1 (𝑚 = 𝑛)

Geometric series

𝑆 = ∑I01P." 𝑒3
!7
8 (/.O)

I
= 1 +⋯+ 𝑟P."

𝑟𝑆 = 𝑟 +⋯+ 𝑟P

∴ 𝑟 − 1 𝑆 = (𝑟P − 1)

T𝜓Y

| ⟩𝜓 = ∑O 𝑐O| ⟩𝑚
⟨𝑛|× ⇓

𝑛 𝜓 = ∑O 𝑐O ⟨𝑛| ⟩𝑚
R*9

= 𝑐/



Spectral Method
• Kinetic-energy operator is diagonal in the momentum space: k𝜓>→

I J%!

0
k𝜓>

−
1
2
𝜕0

𝜕𝑥0
X

>?@

2+,
k𝜓> exp 𝑖𝑘>𝑥 =X

>?@

2+, 𝑘>0

2
k𝜓> exp 𝑖𝑘>𝑥

• Potential-energy operator is diagonal in the real space: 𝜓A→
K
𝑉A 𝜓A

• Split-operator technique & spectral method

1.

2.

3.

4.

5.

exp
𝑖∆𝑡
2

𝜕+

𝜕𝑥+ /
0

0𝜓0𝑒-12#( =/
0

exp −
𝑖∆𝑡𝑘0+

2
0𝜓0𝑒-12#(

𝜓 𝑡 + ∆𝑡 = exp −
𝑖𝑉∆𝑡
2

\exp −𝑖𝑇∆𝑡 \C<exp −
𝑖𝑉∆𝑡
2

𝜓 𝑡 + 𝑂 (∆𝑡)*

Exact exponentiation!



Numerical Recipes FFT: four1()
• Spectral method requires

• four1(double data[], unsigned long nn, int isign)
On input, the data[] array contains 2*nn elements that represent nn
complex function values, such that data[2*j-1] & data[2*j] (j = 1, ..., nn) are 
the real & imaginary parts of the function value on the j-th grid point

• On output data[] is replaced by:
—isign = 1

𝑑𝑎𝑡𝑎A ← ∑>?,2 𝑑𝑎𝑡𝑎>exp 𝑖2𝜋𝑚𝑗/𝑁
—isign = -1

𝑑𝑎𝑡𝑎> ← ∑A?,2 𝑑𝑎𝑡𝑎Aexp −𝑖2𝜋𝑚𝑗/𝑁

• Note that four1() does not perform the division by N in F-1

See four1.c in the class home page

𝑘O𝑥I =
2𝜋𝑚
𝐿 ×

𝐿
𝑁 𝑗 =

2𝜋𝑚𝑗
𝑁

𝜓A L67 𝐹
+,𝜓A = k𝜓> = ,

2
∑A?,2 𝜓Aexp −𝑖𝑘>𝑥A

k𝜓> L
𝐹 k𝜓> = 𝜓A = ∑>?,2 k𝜓>exp 𝑖𝑘>𝑥A



Using four1()
• Define double psi[2*N], where psi[2*j] & psi[2*j+1] (j = 0, ..., N-1) are the 

real & imaginary parts of yj

/* Fourier transform */
four1(psi-1, (unsigned long) N, 1);

/* Inverse Fourier transform */
four1(psi-1, (unsigned long) N, -1);
for (int j=0; j<2*N; j++)
psi[j] /= N;

• Note that four1() assumes 1 offset for the first argument but psi[] is 0 offset

Re𝜓1 Im𝜓1 Re𝜓" Im𝜓"

0 1 2 3

•••psi[ ] Re𝜓P." Im𝜓P."

2N-2 2N-1

𝜓A L67 𝐹
+,𝜓A = k𝜓> = ,

2
∑A?,2 𝜓Aexp −𝑖𝑘>𝑥A

k𝜓> L
𝐹 k𝜓> = 𝜓A = ∑>?,2 k𝜓>exp 𝑖𝑘>𝑥A



Array Offset

• four1() assumes 1-offset (because of its Fortran origin)

• But psi[ ] uses 0-offset (C convention)

r0 i0 r1 i1

1 2 3 4

•••data[ ]

data

r0 i0 r1 i1

0 1 2 3

•••psi[ ]

psi-1 psi
Pointer arithmetic

four1(psi-1, (unsigned long) N, 1);

In C language, array name is a pointer to the zero-th element 



Energy

discretize

weighted sums

In calc_energy():
1. k𝜓> ← 𝐹+, 𝜓A
2. 𝐸MNO ← 𝑑𝑥𝑁∑>?@2+, J%!

0
k𝜓>

0

3. 𝜓A ← 𝐹 k𝜓> // don’t forget to come back
4. 𝐸GPQ ← 𝑑𝑥 ∑A?@2+,𝑉A 𝜓A

0

𝐻 = 𝑇 + 𝑉

= ∫𝑑𝑥𝜓∗ 𝑥 − ,
0
R!

R5!
𝜓 𝑥 + ∫𝑑𝑥𝜓∗ 𝑥 𝑉 𝑥 𝜓 𝑥

≅ 𝑑𝑥 ∑A?@2+,𝜓A∗ − ,
0
R!

R5!
𝜓A + 𝑑𝑥 ∑A?@2+,𝜓A∗𝑉A𝜓A

= 𝑑𝑥𝑁∑>?@2+, J%!

0
k𝜓>

0
+ 𝑑𝑥 ∑A?@2+,𝑉A 𝜓A

0



𝑇 = dxX
A?@

2+,

X
>?@

2+,

k𝜓>∗ exp −ik>𝑥A

S∗(59)

−
1
2
𝜕0

𝜕𝑥0
X
-?@

2+,

k𝜓-exp ik-𝑥A

S(59)

=dxX
A?@

2+,

X
>?@

2+,

k𝜓>∗ exp −ik>𝑥A X
-?@

2+,
𝑘-0

2
k𝜓-exp ik-𝑥A

=dxX
>?@

2+,

k𝜓>∗ X
-?@

2+,
𝑘-0

2
k𝜓- X

A?@

2+,

exp 𝑖 𝑘- − 𝑘> 𝑥A

2 𝑚 𝑛

=dxX
>?@

2+,

k𝜓>∗ X
-?@

2+,
𝑘-0

2
k𝜓- 𝑁𝛿>,-

=dxNX
>?@

2+,
𝑘>0

2
k𝜓>

0

Kinetic Energy

addition
theorem

,+VPW(J:∆5)
∆5!

=
0WNO!(;:∆<! )

∆5!

∆5→@
J:!

0

Y!

Y5!
𝑒HJ:59

≅ Z6=;:∆<+0[Z=;:∆<

∆5!
𝑒HJ:59

= 0[VPW J:∆5 +,]
∆5!

𝑒HJ:59



Continuum vs. Discrete Kinetic Energy

Avoid
simulating 

wave 
functions 
beyond 

this range



| ⟩𝜓 𝑡 = exp −𝑖𝐻𝑡 X
-?@

2+,

⟩𝑛 ⟨𝑛 ⟩𝜓 0 = X
-?@

2+,

exp −𝑖𝜀-𝑡 ⟩𝑛 ⟨𝑛 ⟩𝜓 0

Total Energy Conservation
• Energy eigenvalues & eigenvectors: 𝐻|𝑛⟩ = 𝜀-|𝑛⟩ 𝑛 = 0,… , 𝑁 − 1
• Time evolution of a wave function

• Total energy

dm,n

= 1: completeness (resolution of identity)

𝜓(𝑡) 𝐻 𝜓(𝑡) = S
YZE

[?F

𝜓(0) 𝑚 exp 𝑖𝜀Y𝑡 ⟨𝑚| 𝐻 S
=ZE

[?F

exp −𝑖𝜀=𝑡 | ⟩𝑛 𝑛 𝜓(0)

= S
YZE

[?F

𝜓(0) 𝑚 exp 𝑖𝜀Y𝑡 ⟨𝑚| S
=ZE

[?F

exp −𝑖𝜀=𝑡 𝜀=| ⟩𝑛 𝑛 𝜓(0)

= S
YZE

[?F

S
=ZE

[?F

exp 𝑖(𝜀Y − 𝜀=)𝑡 𝜀= 𝜓(0) 𝑚 𝑛 𝜓(0) 𝑚 𝑛

= S
=ZE

[?F

𝜀= 𝑛 𝜓(0) R = constant



Energy Conservation for 1D Square Barrier

Energy conservation: good program verification



𝜓 𝑥, 𝑡 = 0 = 𝐶exp −
(𝑥 − 𝑥H),

4𝜎,
exp 𝑖𝑘H𝑥

Initial Wave Function
• Gaussian wave packet

S0

X0

E0 = k02/2

𝑖
𝜕
𝜕𝑡
exp 𝑖𝑘1𝑥 − 𝑖

𝑘1!

2
𝑡 =

𝑘1!

2
exp 𝑖𝑘1𝑥 − 𝑖

𝑘1!

2
𝑡

−
1
2
𝑑!

𝑑𝑥! + 0 exp 𝑖𝑘1𝑥 − 𝑖
𝑘1!

2 𝑡 =
𝑘1!

2 exp 𝑖𝑘1𝑥 − 𝑖
𝑘1!

2 𝑡

=Free-space solution

𝜓 𝑥, 𝑡 = ∫𝑑𝑘 l𝜓 𝑘 exp 𝑖𝑘𝑥 − 𝑖𝜔(𝑘)𝑡 Here, 𝜔 𝑘 = 𝑘!/2

= ∫𝑑𝑘 l𝜓 𝑘 exp 𝑖 ⏞𝑘
S:'S.S:

𝑥 − 𝑖 𝜔 𝑘

≅U S: ' ;<
;=:

S.S:

𝑡

= exp 𝑖𝑘1 𝑥 − U(S:)
S:

𝑡 ∫ 𝑑𝑘 l𝜓 𝑘 exp 𝑖(𝑘 − 𝑘1) 𝑥 − VU
VS:

𝑡k0/2

Group velocity

Phase velocity Phase velocity Group velocity

k0

See Gaussian wave-packet movie at https://www.cond-mat.de/teaching/QM/JSim/wpack.html

https://www.cond-mat.de/teaching/QM/JSim/wpack.html


Numerical Example

Dt = 2x10-3 au



Wave Function & Probability

50.0          LX     
2.0e-3        DT
4000          NSTEP
10            NECAL
12.5 3.0 5.0  X0 S0 E0
5.0 1.0       BH BW
50.0          EH

qd1.in #define NX 512qd1.h



Transmission & Reflection Coefficients

Note ∫𝑑𝑥|𝜓(𝑥)|R ≅ ∆𝑥 ∑D 𝜓( ⏞𝑥D
D](
)
R

𝑅 𝑡 = ∫E
(^D?_E)/R𝑑𝑥 𝜓(𝑥, 𝑡) R

𝑇 𝑡 = ∫(^D>_E)/R
^D 𝑑𝑥 𝜓(𝑥, 𝑡) R

1
T

R
Bw



Top 10 Algorithms in History

IEEE CiSE, Jan/Feb (2000)

PHYS 516
CSCI 596
CSCI 653



Fast Fourier Transform
• Danielson-Lanczos algorithm:

even & odd
subarray

Fourier
decompositions

even terms odd terms

O(N2)!

j read as j mod N/2

Divide-and-conquer



Fast Fourier Transform
• Recursive sub-Fourier transforms:

000   001   010    011    100   101      110    111

Bit
reversal

011®110®6010®010®2
Path bit reversal = element Recursion tree

O(N) operations per element



Fast Fourier Transform Algorithm
• Butterfly (hypercube) data exchange after bit-reversal:

log2N

• Many computations are shared among the recursion trees
• 2Nlog2N arithmetic operations



Quantum Fourier Transform (QFT)
• On a quantum computer, quantum parallelism allows Fourier transform to 

be performed using only n qubits & 𝑶(𝒏𝟐) gates for 𝑵 = 𝟐𝒏

• Compare QFT with 2Nlog2N = O(2nn) arithmetic operations in classical fast 
Fourier transform (FFT):

Exponential operation reduction: 𝑶( ⁄𝟐𝒏𝒏 𝒏𝟐) = 𝑶( ⁄𝟐𝒏 𝒏)

Hadamard gate 
Controlled 𝑅a gate:

𝑅a =
1 0
0 exp(𝑖𝜋/2a)

2/
bi

ts

n steps
QFT: | ⟩𝑥 → ,

2
∑J?@2+, 𝑒H

!#;<
$ | ⟩𝑘

Preskill, arXiv:2106.10522 (’21)

https://aiichironakano.github.io/phys516/Preskill-QuantumLecture-arXiv21.pdf


Parallelizing Quantum Dynamics

Aiichiro Nakano

Collaboratory for Advanced Computing & Simulations
Department of Computer Science

Department of Physics & Astronomy
Department of Chemical Engineering & Materials Science

Department of Quantitative & Computational Biology
University of Southern California

Email: anakano@usc.edu

See https://aiichironakano.github.io/cs596.html

https://aiichironakano.github.io/cs596.html


Parallel QD Communications

y ¬ Ky

y ¬ exp(-iKD)y

y ¬ exp(-iKD)y O(NlogN)
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Parallelization of Space Splitting Method 

• Self-centric spatial decomposition

• Local & global coordinates

• Global coordinates only in init_prop() & init_wavefn()
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Boundary Wave Function Caching
• Parallelized periodic_bc()
plw = (myid-1+nproc)%nproc; /* Lower partner process */
pup = (myid+1      )%nproc; /* Upper partner process */

/* Cache boundary wave function value at the lower end */
dbuf[0:1] ¬ psi[NX][0:1];
Send dbuf to pup;
Receive dbufr from plw;
psi[0][0:1] ¬ dbufr[0:1];

/* Cache boundary wave function value at the upper end */
dbuf[0:1] ¬ psi[1][0:1];
Send dbuf to plw;
Receive dbufr from pup;
psi[NX+1][0:1] ¬ dbufr[0:1];


