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Electronic Structures

• Atomic wave functions
• Bonds
• Bands
• Reaction
• ...



Pauling’s Note (1930)

Linus Pauling online
at Oregon State Univ.

cf. Raty et al., 
Adv. Mater. 31, 1806280 (’19)

http://scarc.library.oregonstate.edu/digitalresources/pauling/
https://aiichironakano.github.io/phys516/Raty-Bond6-AdvMater19.pdf


Energy Eigenstates
• Time-independent Schrödinger equation

Hamiltonian 
operator Eigenstate

Eigenvalue
• Stationary state

• Hamiltonian operator

• Density functional theory

Z2e

𝐻𝜓! 𝐫 = 𝜖! 𝜓! 𝐫

𝑖ℏ
𝜕
𝜕𝑡
𝜓(𝑡) = 𝐻𝜓(𝑡)

𝜓(𝑡) = exp −𝑖𝜖!𝑡/ℏ 𝜓!

𝐻 = −
ℏ"

2𝑚
𝜕"

𝜕𝐫#"
+ 𝑣(𝐫)

𝑣 𝐫 = −5
$

𝑍$𝑒"

𝐫 − 𝐑$
+ 9𝑑𝐫%

𝑒"𝜌 𝐫%

𝐫 − 𝐫%
+ 𝑣&'(𝐫)

𝜌 𝐫 = 5
!

2

exp 𝜀! − 𝜇
𝑘(𝑇

+ 1
𝜓!(𝐫) " R2

Electron charge 𝜌 𝐫

exchange-
correlation
potential

See CSCI699: Extreme-scale Quantum Simulations
https://aiichironakano.github.io/cs699.html

Nucleus charge

Z1e
R1

https://aiichironakano.github.io/cs699.html


• P. Hohenberg & W. Kohn, “Inhomogeneous electron gas,” 
Phys. Rev. 136, B864 (’64)
The electronic ground state is a functional of the electron density r(r)

• W. Kohn & L. Sham, “Self-consistent equations including exchange & 
correlation effects,” Phys. Rev. 140, A1133 (’65)
Derived a formally exact self-consistent single-electron equations for many-
electron systems (cf. the previous page)

Density Functional Theory



Background: Atomic Orbitals

Radial
function

Spherical
harmonics

• Hydrogen eigenstates (r = vxc = 0)

Laguerre polynomial

s: l = 0
p: l = 1
d: l = 2

1s

2s

...

2p

A
𝑛 = 1,2,⋯
𝑙 ∈ [0, 𝑛 − 1]
𝑚 ∈ [−𝑙, 𝑙]

𝜓!)* 𝑟, 𝜃, 𝜙 = 𝑅!) 𝑟 𝑌)* 𝜃, 𝜙



Hydrogen Eigenstates

Outer shells (i.e., 
larger n) spread 
outward

r2Rnl2(r)

s: l = 0
p: l = 1
d: l = 2

r (a.u.)



Herman-Skillman Solutions for Atoms
• Hartree approximation (vxc = 0) for many-electron interaction

Outer shells (i.e., larger n) still spread outward
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3s



Atomic Orbitals
• s orbital (l = 0)

• p orbital (l = 1): Cartesian representation
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Tight-Binding Model
• Linear combination of atomic orbitals (LCAO)

John Slater

George Koster
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Valence Electrons
• Example: Silicon—1s22s22p63s23p2

http://www.webelements.com
r2Rnl2(r)

r (a.u.)

Core: Invisible to 
neighbor atoms

Valence: Sensed by 
neighbor atoms



Pseudopotential
• Silicon—1s22s22p63s23p2

• Consider only (chemically active) valence electrons
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Hamiltonian Matrix Elements

• Exponential decay ~ exp(-Rii¢/a) 𝑅!!" = |𝑅!" − 𝑅!|
• Many elements are 0 by symmetry

• Nonvanishing matrix elements
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Overlap Integrals

Parameterization:
• L. Goodwin, A. J. Skinner & D. G. Pettifor, Europhys. Lett. 9, 701 (’89)
• I. Kwon et al., Phys. Rev. B 49, 7242 (’94)

J. C. Slater & G. F. Koster, Phys. Rev. 94, 1498 (’54)

https://aiichironakano.github.io/phys516/Kwon-TBSi-PRB94.pdf

https://aiichironakano.github.io/phys516/Kwon-TBSi-PRB94.pdf


Eigenvalue Problem

• 4N´4N matrix:
k = 4(i − 1) + a, where i Î {1, 2, ..., N} & a Î {1«s, 2«px, 3«py, 4«pz}  

∑!𝐻!"!𝑐! = 𝜀𝑐!" or CTHC = E
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Eigen Decomposition
• 4N-dim. vector: | ⟩𝜅 = | ⟩4 𝑖 − 1 + 𝛼 𝑖 = 1, … , 𝑁; 𝛼 ∈ {3𝑠, 3𝑝( , 3𝑝) , 3𝑝*}

⟨𝜅"|× 𝐻| ⟩𝜓 = 𝜀| ⟩𝜓
⟨𝜅"|𝐻| ⟩𝜓 = 𝜀⟨𝜅"| ⟩𝜓

• Closure approximation (assume completeness, i.e., narrow the world)
∑ | ⟩𝜅 ⟨𝜅| = 1 ⟺ | ⟩𝜓 = ∑ | ⟩𝜅 ⟨𝜅| ⟩𝜓
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• Matrix eigenvalue problem: HC = CE
𝐂 = 𝐜(2)⋯𝐜(45)
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(,)𝑐!

(,") = ∑!.245 𝐶,!6 𝐶!," = (𝐂6 𝐂),," or I = CTC
• Eigen decomposition: CTHC = E (∵ CT×HC = CT×CE = E)



sss sps pppppsd

n

Silicon Tight-Binding Parameters

I. Kwon et al., Phys. Rev. B 49, 7242 (’94)

• Atomic unit: length—Bohr radius, aB = 0.5291772083 Å; 
energy—Hartree energy, EH = 27.2113834 eV

Inter-atom

Intra-atom
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(= x, y or z)

Projection of s-p Integrals

addition theorem

Basis function
Hamilton

matrix element

| ⟩𝑝$ = ]𝑎 • �̀�| ⟩𝑝8 + ]𝑎 • ]𝑛| ⟩𝑝, ]𝑎 = ]𝑥, ]𝑦, �̂�; ]𝑎 • ]𝑎 = 1

∵ | ⟩𝑝* = cos(χ − 𝜃)=cosχcos𝜃 + sin𝜒sin𝜃 = cos𝜃| ⟩𝑝/ + sin𝜃| ⟩𝑝!
= Z𝑎 • h𝑑| ⟩𝑝/ + cos ⁄𝜋 2 − 𝜃 | ⟩𝑝! = Z𝑎 • h𝑑| ⟩𝑝/ + Z𝑎 • Z𝑛| ⟩𝑝!
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𝑠2 𝐻 𝑝'(
𝑠2 𝐻 𝑝')
𝑠2 𝐻 𝑝'*

= −
𝑝2( 𝐻 𝑠'
𝑝2) 𝐻 𝑠'
𝑝2* 𝐻 𝑠'

=
𝑑(ℎ:;B(𝑟)
𝑑)ℎ:;B(𝑟)
𝑑*ℎ:;B(𝑟)

𝑠 𝐻 𝑝𝒏 = 0

sin 𝜒 = cos
𝜋
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cf. slide 9



Projection of p-p Integrals

Z𝑎" • Z𝑛"j𝑝!"| 𝐻 Z𝑎% • Z𝑛%| ⟩𝑝!% = Z𝑎" • Z𝑛" Z𝑎% • Z𝑛% 𝑝!" 𝐻 𝑝!%
= Z𝑎" • Z𝑛" Z𝑎% • Z𝑛% Z𝑛" • Z𝑛% ℎ..0 𝑟
= Z𝑎" • Z𝑛" Z𝑛" • Z𝑎% • Z𝑛% Z𝑛% ℎ..0 𝑟

= Z𝑎" − Z𝑎" • h𝑑 h𝑑 • Z𝑎% − Z𝑎% • h𝑑 h𝑑 ℎ..0 𝑟

𝑝82 𝐻 𝑝8' = ℎ;;B(𝑟)

∵2D completeness: 1 = | ⟩𝑑 ⟨𝑑| + | ⟩𝑛 ⟨𝑛|

⟩𝑝2 = ]𝑎2 g �̀� ⟩𝑝82 + ]𝑎2 g ]𝑛2| ⟩𝑝,2 ⟩𝑝' = ]𝑎' g �̀� ⟩𝑝8' + ]𝑎' g ]𝑛'| ⟩𝑝,'



𝑝2( 𝐻 𝑝'( 𝑝2( 𝐻 𝑝') 𝑝2( 𝐻 𝑝'*
𝑝2) 𝐻 𝑝'( 𝑝2) 𝐻 𝑝') 𝑝2) 𝐻 𝑝'*
𝑝2* 𝐻 𝑝'( 𝑝2* 𝐻 𝑝') 𝑝2* 𝐻 𝑝'*

=
𝑑('ℎ;;B + (1 − 𝑑(')ℎ;;C 𝑑(𝑑)(ℎ;;B − ℎ;;C) 𝑑(𝑑*(ℎ;;B − ℎ;;C)
𝑑)𝑑((ℎ;;B − ℎ;;C) 𝑑)'ℎ;;B + (1 − 𝑑)')ℎ;;C 𝑑)𝑑*(ℎ;;B − ℎ;;C)
𝑑*𝑑((ℎ;;B − ℎ;;C) 𝑑*𝑑)(ℎ;;B − ℎ;;C) 𝑑*'ℎ;;B + (1 − 𝑑*')ℎ;;C

Projection of p-p Integrals
𝑝" 𝐻 𝑝% = Z𝑎" • h𝑑 • Z𝑎% • h𝑑 ℎ..1 𝑟 + Z𝑎" − Z𝑎" • h𝑑 h𝑑 • Z𝑎% − Z𝑎% • h𝑑 h𝑑 ℎ..0 𝑟

( Z𝑥 • h𝑑, Z𝑦 • h𝑑, �̂� • h𝑑)
= (𝑑& , 𝑑2 , 𝑑3)

projection onto /𝑑 projection out of /𝑑



TB Hamiltonian Matrix

i = j

i ≠ j
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TB Matrix Elements

ℎ,,1 𝑑&ℎ,.1
−𝑑&ℎ,.1 𝑑&%ℎ..1 + (1 − 𝑑&%)ℎ..0

𝑑2ℎ,.1 𝑑3ℎ,.1
𝑑&𝑑2(ℎ..1 − ℎ..0) 𝑑&𝑑3(ℎ..1 − ℎ..0)

−𝑑2ℎ,.1 𝑑2𝑑&(ℎ..1 − ℎ..0)
−𝑑3ℎ,.1 𝑑3𝑑&(ℎ..1 − ℎ..0)

𝑑2%ℎ..1 + (1 − 𝑑2%)ℎ..0 𝑑2𝑑3(ℎ..1 − ℎ..0)
𝑑3𝑑2(ℎ..1 − ℎ..0) 𝑑3%ℎ..1 + (1 − 𝑑3%)ℎ..0

ℎ7 𝑟 =

𝑠2 𝐻 𝑠' 𝜆 = 𝑠𝑠𝜎
𝑠2 𝐻 𝑝'8 𝜆 = 𝑠𝑝𝜎
𝑝28 𝐻 𝑝'8
𝑝2, 𝐻 𝑝',

𝜆 = 𝑝𝑝𝜎
𝜆 = 𝑝𝑝𝜋
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Overlap Integrals

J. C. Slater & G. F. Koster, Phys. Rev. 94, 1498 (’54)

l = dx, m = dy, n = dz

ℎ,,1 𝑑&ℎ,.1
−𝑑&ℎ,.1 𝑑&%ℎ..1 + (1 − 𝑑&%)ℎ..0

𝑑2ℎ,.1 𝑑3ℎ,.1
𝑑&𝑑2(ℎ..1 − ℎ..0) 𝑑&𝑑3(ℎ..1 − ℎ..0)

−𝑑2ℎ,.1 𝑑2𝑑&(ℎ..1 − ℎ..0)
−𝑑3ℎ,.1 𝑑3𝑑&(ℎ..1 − ℎ..0)

𝑑2%ℎ..1 + (1 − 𝑑2%)ℎ..0 𝑑2𝑑3(ℎ..1 − ℎ..0)
𝑑3𝑑2(ℎ..1 − ℎ..0) 𝑑3%ℎ..1 + (1 − 𝑑3%)ℎ..0



Eigenvalue Problem

• 4N´4N matrix:
k = 4(i − 1) + a, where i Î {1, 2, ..., N} & a Î {1«s, 2«px, 3«py, 4«pz}  

∑!𝐻!"!𝑐! = 𝜀𝑐!" or  CTHC = E
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Spectral
decompositioncf. slide 21 for Hamiltonian matrix elements



Numerical Recipes Routines

double **h;  // Hamiltonian matrix
double *d;   // Eigenvalues
double *e;
...
/* Allocate memory for matrices & vectors*/
n4 = 4*nAtom; // Hamiltonian matrix size with s-p basis
h = dmatrix(1,n4,1,n4); // Use h[1:n4][1:n4]
d = dvector(1,n4);      //     d[1:n4]
e = dvector(1,n4);      //     e[1:n4]

/* Set up the Hamiltonian matrix elements h here */

/* Diagonalize the Hamiltonian matrix */
tred2(h,n4,d,e);
tqli(d,e,n4,h);

eigen.c

CTHC = E

CTHC = C¢THC¢ = 

h[0] •••double*

double**      h

h[1]

h[1][0] •••double h[1][1]



Example
• Si crystal: 1´1´1 or 2´2´2 cubic unit 

cells (8 atoms per unit cell), with lattice 
constant = 1.8, 1.4 & 1 ´ bulk crystalline 
lattice constant (5.43 Å or 10.2622 a.u.)

• Density of states: s = 0.1 eV
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Energy Band in a Nutshell

𝜀4

𝜀𝐩

𝜀𝐡

hybrid
sp3 orbital

antibond

bond

Si Si

𝐻 =
𝜀7 Δ
Δ 𝜀7

𝐻 − 𝜆𝐼 = 𝜀7 − 𝜆 Δ
Δ 𝜀7 − 𝜆

= 𝜆 − 𝜀7 % − Δ% = 0

∴ 𝜆± = 𝜀7 ± Δ

Δ

Δ

conduction
band

valence
band

𝜀$
𝜀%

𝜀%
𝜀%

𝑒&'(

𝑒&'(
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Band: Infinite Lattice
• Bloch theorem: 𝜓,𝐤(𝐫) = exp(𝑖𝐤 • 𝐫)𝑢,,𝐤(𝐫)

J. R. Chelikowsky & M. L. Cohen, Phys. Rev. B 10, 5095 (’74) 

Brillouin zone of Si crystal

band index periodic function



Density of States: Silicon Crystal

http://quantumwise.com



Charge Density at GaAs/Si (111) Interface

Z. Yuan et al., J. Appl. Phys. 114, 074316 (’13); Nano Lett. 13, 4925 (’13) 

Occupied

Unoccupied

Band Ga 4s Ga 4p Ga 4d As 4s As 4p As 4d Total

1150 0.0000 0.1157 0.0708 0.0000 0.8033 0.0101 1

1151 0.0000 0.1158 0.0709 0.0000 0.8033 0.0100 1

1152 0.0000 0.1166 0.0713 0.0000 0.8017 0.0104 1

1153 0.6763 0.0000 0.0000 0.3236 0.0001 0.0000 1

Projection of Kohn-Sham wave functions onto atomic orbitals

• Highest occupied states in Si 
have the hybrid sp3
character

• Occupied GaAs states are As 
p-like (lowest unoccupied 
states are s-like)



Wave Functions in MoSe2 Bilayer
• Highest occupied states (blue) are dz2-like
• Lowest unoccupied states (red) are dxy-like

M.-F. Lin et al., Nature Commun. 8, 1745 (’17); L. Bassman et al., Nano Lett. 18, 4653 (’18);
I. Tung et al., Nature Photon. 13, 425 (’19)

Electron
Hole


