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I. Background

• Pseudo-wave function (RRKJ2)
• Local pseudo-potential
• Nonlocal operator and overlap operator
• Generalized eigen-equation
• Transferability
• Estimation of plane-wave cutoff energies



Pseudo-Wave Function (RRKJ2)

• The pseudo-wave functions are defined by,
𝑃!",$% 𝑟 = 𝛼&𝑟	𝑗$ 𝑞&𝑟 + 𝛼'𝑟	𝑗$ 𝑞'𝑟 +	𝛼(𝐹$% 𝑟 + 𝛼) *𝐹$% 𝑟

• The correction functions satisfy the following conditions.
	𝐹$% 𝑟* = 𝐹$%

& 𝑟* = 𝐹$%
' 𝑟* = 0, 𝐹$%

( 𝑟* = 𝐶(, 𝐹$%
) 𝑟* = 𝐶)

*𝐹$% 𝑟* = *𝐹$%
& 𝑟* = *𝐹$%

' 𝑟* = *𝐹$%
( 𝑟* = 0 *𝐹$%

) 𝑟* = .𝐶)

• α1 and α2 are determined by the conditions of the continuous first and second 
derivatives of  RRKJ2 term at r = rc

• α3 and α4 are determined by the conditions of the continuous third and fourth 
derivatives of  PPS.lj(r) at r = rc

RRKJ2 term correction term

Index
• (n, l) = quantum numbers
• j = reference number // using several reference energies improves transferability

Rappe-Rabe-Kaxiras-Joanopoulos



Pseudo-Wave Function (RRKJ2)

• 𝑃!",$% 𝑟 = 𝛼&𝑟	𝑗$ 𝑞&𝑟 + 𝛼'𝑟	𝑗$ 𝑞'𝑟 +	𝛼(𝐹$% 𝑟 + 𝛼) *𝐹$% 𝑟

• l = 3 (d-orbital), j = 0 (all-electron eigen-energy) // default reference energy

rc

RRKJ2 term correction term

RRKJ2 term

correction term

𝑃!",$% 𝑟

𝑃+,,$% 𝑟



Local Pseudo-potential

• We choose the following functions as a local potential:

𝑉-.*/- 𝑟 = 0
𝑉0 exp 𝑝(𝑟) 𝑟 ≤ 𝑟-.*/-
𝑉+, 𝑟 𝑟 > 𝑟-.*/-

,

𝑝 𝑟 = 𝛼)𝑟) + 𝛼1𝑟1 + 𝛼2𝑟2 + 𝛼&0𝑟&0 + 𝛼&'𝑟&'

• The coefficients {α2i} are determined by the conditions of the continuous 
derivatives at r = rlocal (m = 1, …, 4)

𝑉+,
3 𝑟-.*/- = 9

𝑑3

𝑑𝑟3
𝑉0 exp 𝑝(𝑟)

454!"#$!

rlocal

V0
VAE(r) ∝ 1/r

V0 exp [p(r)]



Non-local Operator and Overlap Operator

• Local function
!|𝜒!" = 𝜀!" − '𝑇 − 𝑉#$%&# *+𝑃'(,!"

• Basis function

!|𝛽!" =.
*

𝐁!+, *" !0𝜒!* , 𝐵!,"* = 𝑃'(,!" 𝜒!*

• Augmentation charge
𝑞!,"* 𝑟 = 𝑃-.,!" 𝑃-.,!* − 𝑃'(,!" 𝑃'(,!*

• Nonlocal operator

'𝑉/0 = .
!,",*

𝐷!,"* !|𝛽!" 06𝛽!* , 𝐷!,"* = 𝐵!,"* + 𝜀!*𝑞!,"*

• Overlap operator
8𝑆 = 1 +.

!,",*

𝑞!,"* *+𝛽!" 06𝛽!*

Index
• (n, l) = quantum numbers
• j, k = reference number

All-electron detail



Generalized Eigen-equation

• We construct pseudo-potentials and functions given all-electron functions, 
PAE,lj and potentials, VAE

• Now, we solve generalized eigen-equations given pseudo-potentials (Vlocal, <𝑉67  
and =𝑆)

<𝑇 + 𝑉-.*/- 𝑟 + <𝑉67 	𝑃!",8$ 𝑟 = 𝜀8$ 	 =𝑆	𝑃!",8$ 𝑟

• And make sure that generalized eigen-equations have the same eigen-energies 
as the AE eigen-energies and that the corresponding eigen-functions coincide 
with the AE eigen-functions outside the cutoff radius

𝜀8$ = 𝜀8$
0 and 𝑃!",8$ = 𝑃+,,8$

0 	(𝑟 > 𝑟9)

Index
• (n, l) = quantum numbers
• j = reference number

PAE,lj and VAE                 PPS,lj, Vlocal, <𝑉67  and =𝑆

Vlocal, <𝑉67  and =𝑆	 εnl and PPS,nl



Generalized Eigen-equation

• The normalized wavefuntions for 5d orbital.
• 𝑃+,,8$

(0) 𝑟 : the all-electron wavefunction solved by the all-electron Schrödinger 
equation

• 𝑃!",8$ 𝑟 : the pseudo-wave function solved by the generalized eigen-energy. 

Index
• (n, l) = quantum numbers
• j = reference number

𝑃!",8$ 𝑟

𝑃+,,8$
(0) 𝑟

𝜀8$
0 = −0.8619636
𝜀8$ = −0.8619648



Transferability

• A simple way to get a feeling for the transferability of a pseudo-potential is to 
compare logarithmic derivatives of all-electron and pseudo-wave functions

𝜁$ 𝜀, 𝑅 = 9
𝑑
𝑑𝑟

ln 𝑅8$ 𝑟, 𝜀
45<

Index
• (n, l) = quantum numbers
• j = reference number



Estimation of Plane-wave Cutoff Energies (Ecut)

An error in the total energy associated with the cutoff energy, Ecut for the pseudo-
wavefunctions is estimated as,

∆𝐸$ 𝐸*=> = ∫ ?#%&
@ 𝑞' R𝑃!",8$

0 𝑞
'
	𝑑𝑞,

where

R𝑃!",8$
0 𝑞 = '

A ∫0
@ 𝑃!",8$

0 𝑟 	𝑗$ 𝑞𝑟 	𝑞𝑟 	𝑑𝑟 

Index
• (n, l) = quantum numbers
• j = reference number

Mn: [Ar]3d54s24p0

Plane-wave cut-off for wave functions is dictated by kinetic-energy error



Estimation of Plane-wave Cutoff Energies (𝑬𝐜𝐮𝐭𝐝𝐞𝐧𝐬)

• Firstly, we define the compensation functions called G-function
𝑔$ 𝑟 = 𝛼&𝑗$ 𝑞&𝑟 + 𝛼'𝑗$ 𝑞'𝑟 +	𝛼(𝐹$% 𝑟 + 𝛼) *𝐹$% 𝑟

• The coefficients qi and αi are chosen by

9
𝑑
𝑑𝑟
𝑗$ 𝑞B𝑟

454#"'(

= 0

𝑔$ 𝑟*.CD = 9
𝑑3

𝑑𝑟3
𝑔$ 𝑟

454#"'(

= 0 𝑚 = 2, 3

V
0

4#"'(
𝑔$ 𝑟 	𝑟$E'	𝑑𝑟 = 1

• We use a ratio fcomp to define the cutoff radius rcomp:

𝑟*.CD =
max

FGHGFGI*G
𝑟*

𝑓*.CD
, 1.1 ≤ 𝑓*.CD ≤ 1.6 ∵ 	 𝑟*.CD < max

FGHGFGI*G
𝑟*

original term by Kresse correction term



Estimation of Plane-wave Cutoff Energies (𝑬𝐜𝐮𝐭𝐝𝐞𝐧𝐬)

• G-function
𝑔$ 𝑟 = 𝛼&𝑗$ 𝑞&𝑟 + 𝛼'𝑗$ 𝑞'𝑟 +	𝛼(𝐹$% 𝑟 + 𝛼) *𝐹$% 𝑟

• Augmentation function (radial direction)

𝑄$,%J 𝑟 = 𝑟'𝑔$ 𝑟 V
0

4#
𝑃+,,$% 𝑟 𝑃+,,$J 𝑟 − 𝑃!",$% 𝑟 𝑃!",$J 𝑟 𝑟$ 	𝑑𝑟

• Next, we estimate the augmentation functions and their Fourier components:

R𝑄$,%JK 𝑞 = 𝑞'V
0

@
𝑄$,%J 𝑟 	𝑗K 𝑞𝑟 	𝑑𝑟 𝐿 = 0, 2, …… , 2𝑙

• The cutoff energy for the electron density is estimated from R𝑄$,%JK 𝑞 . But we 
need not estimate R𝑄$,%JK 𝑞  for all references. j = k = 1 should be fine for each l.

Index
• (n, l) = quantum numbers
• j = reference number

Plane-wave cut-off for electron density is dictated by augmented charge



Estimation of Plane-wave Cutoff Energies (𝑬𝐜𝐮𝐭𝐝𝐞𝐧𝐬)

• R𝑄$,%JK 𝑞 = 𝑞' ∫0
@𝑄$,%J 𝑟 	𝑗K 𝑞𝑟 	𝑑𝑟 𝐿 = 0, 2, …… , 2𝑙

Mn: [Ar]3d54s24p0

4s2

4p0

3d5



II. Algorithm

• Algorithm (1) – All-electron calculation
• Algorithm (2) – Pseudo-potential
• Algorithm (3) – Estimation



Algorithm (1) – All-electron Calculation

START

Pseudo-potential Part

Input data
atomic number, valence, 

reference, cutoff radius etc.

Self-consistent all-electron (AE) 
Schrödinger equation (SE)

AE potential, VAE,lj,
Output eigen-energy, εnl(0)
 wave function, PAE,nl(0)

Index
• (n, l) = quantum numbers
• j = reference number

Scalar relative AE SE 
given reference energy

Output: wave function, PAE,nl



Algorithm (2) – Pseudo-potential

All-electron Part

Estimation Part

Generalized eigenequation
Output: wave function, PPS,nl(0)

    eigen-energy, εnl

G-functions

Loop for No. of reference

Local pseudo-potential

RRKJ2
Output: wave function, PPS,nl

Index
• (n, l) = quantum numbers
• j = reference number

Non-local potential operator 
and overlap operator



Algorithm (3) – Estimation

Pseudo-potential Part

END

Estimation of plane-wave 
cutoff energies

Estimate charge density

Check for transferability

Index
• (n, l) = quantum numbers
• j = reference number

Loop for No. of reference

Output data



III. Where to Go from Here

• Before simulating a new material using QXMD, generate 
pseudopotentials for all elements involved in the material 

• Copy the generated pseudopotentials into the control 
directory within the QXMD directory

• Set appropriate plane-wave cut-off energies in 
control/IN.PARAM


