‘

T.What T Jearn about TDDET IL. Myown cole: How To implement TDkS &q., 1.6,
howTo cale Vg —= explicit expression and algorithm for colc V. ‘/?89 'fO 'H

L. Fundamenitals
1) Inwertibility Theorem

The mapping G VGt +Ct) } —>TUBt) iS ometo-ome, and
thereﬁm: 1 unveﬂlble

where Vrt) e an exférna.ﬁ poTenILaf Ct) a bume-cependent
constamt, and Tupt) the density.

DProofd [Runge& Gross, PRL 52, 997(194) ]

Whern. v;t) can be expanded wilo a Taylor series at t=1,, RG
proved that f @/or)k [VEE) -V Ipt, # CT) for some k, then
(6/5t)kr2[’?’lmf)-7’ﬁ?}'t)]t=to #0. Therefore, G i one-To-ome.

@Proof2 [N @ Singui, PRL 59, 2627(1987) ]

In the Limear-response scheme by the shorf-Time expansion
of dersity response funclion, oS showed that, for short-time domain,
if j;:dt (=) (VG- V1 # Ct) for some T, then
nmt)-n'mt) # 0 at the lLume.

(2) Density Functional Theorem [Ruge&Gross (84 ]
As a consequence of the aneﬁabtlzt)/ ﬂveorem 5

The expeo'h'&mm wobue of an arbirary operalor is a funclional
of ),

Time- deDEET?C‘eﬂT]’. DenSlty fumtx()‘hao. Theow Swnmzn'ys
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@ The ITB]DFLnS_ N
nt) P—C-_,j {voh+ct)} = {expFiaity/s 119> | )= NC(t)}

—> <] arbihary operaTbr ¥t >
specifies the expeclalion welue uniguely, where Nis the Golal
number of elechons. //

(3)Action Principle T[Runges Gross ¢84) 1

The aclion, unT rafl
Aylish] _j*dt@fmlwa/at-T—uww jat[darmrtwrrt) )

is slalonany ot the exact density, te.,
o Lo UWLL) =40 at nwt) = G-Vl (2)

where T and U are the kinetic and Coulomb-inferadtion parts of
the Hamiltonciam .

(4) Time-dependent. Kohn-Sham  Scheme. [Ruged Gross a41]
We define the exchaqje correlation (x¢) acton as
A ’dt@mma/at—T—UWtw> + j dt bl kabt-TIHo ),

3
f STy § T, E) T, t) (3)

Then the Eulore equalion (2) for TUnt) is eguuralent To
caloadalling nst) as follows:

{D:ﬁa/at + KvYem-VnD - JEEnrna - Uee GO 14 6y = 0 “4)
not) = Z 1%t 2 ®)




where the xc pofentmf Ve t) IS gwwen by

Ve L) = B Axn/SNEL) 8)

Combma'hono{: KS €3.and honeg.GF theory —> calk. of any physical quantity.
Density-functioral Dynemics

Though the Kohn-Sham (KS) stales, % wt) imEq.4), do mot
Tepresenz the physfcaﬁ Single,— parlicle properfn‘es, ‘they are
very useful tools for calouddting physical quamtities sccunaledy;
rigorous  adgorithms can be derived for calodalung the single-
particle Green’s funchiona (GF) GH.1), the xc actiom Axc, and

the xc poterifial Vxc), through a many-body theory based on
the KS stales. For Treal time-dependent situations, we (nvoke

Keldyshs closed time-path formalism. The unperlunbed GF

in which is gwen by
ot t)= -2 IS, - G HOETI ()] 7

where Gp(t) is a step function, on the closed time path, znd f; is
the occu,Fa‘tLbn number of the i-th KS slate.

Solulion, In this scheme leads To the ‘Foeﬂmuina. density -
functional dynamics @ The KS one-body Schrddinger equalion
is_solved concurreritly with the many-body cqualions for
514 and Uxc(d). Because of causaldy, we can coladate

%wt), 54,1), and Uxcd), at each time slep only with the
knowledge of these r unchions im previous lime Sféps

aﬂso some other PHXSIQCLQ @ mobdidly: i /e = €2/m
qua'ntlties if necessary ¢t = SRR Gy (VL) oo

S-4,1) = St ) >




< Demité—‘ﬁmciianai Dfna'mLCS >
KS 4-body Schwsdinger equalion

( 8= | CAUSAITY | %) &G 41

ensunes this dynamics_ |

S workst
d hysical _ we can solve the egs. sTep by sl
g.r&wn?'?f?ces P Mahy— body thCOTy accondvng to V&)rne 77

d) Self-Energy Formula for U (5t)
With the closed-time path expression for the action and the
oridimary moneguibibrium GF theory, we can derwve the follwing

expression. tor Vae),

V) = —23 jp d2)d3 Jc#} 0 14,2) 95 (2.9 (3495 4.2) @)
PP

= - [§TET 6%+ FTuls?+ §85252 ] )

where p denoles the inlegralion over the closed time path,

i i /
ca, .y —. | B-H) i .
50 (‘I;'f) — —]"L{le_.tf)J %%(‘U%H} (%)
N ~L Zh R (95)
T t,2) = —2ik LGE2Q) + G54.229%24) 1, (1

omd Tac1) 1o the self-energy excluding the Harfree term.

Eoualion (8b) crearly guonamtee the cousalily ; for the
clewlalion, of Uxell), we meed only the previous Tome-slep
tnformalon.
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i (2) Other Formulas for Uynt)

Fqualion (8) ia o shaphtforuard generalizatim of the expressim
for UseM) m the slalie DFT dertved by Sham [ PRB32,3876 1985) 1.
The formuwldlion of Axc tn Terms of the Keldysh closed time path

//PLM been susgested by Feudkert LJ. Phys. Cif, 4945 (197%8)].

@ Correlation-funclion Formula L Ng, PRB33, 9947 (19692, for
the stafic case. ]

Vel = —ﬁjdzjds‘r

%(@Ig) 565 4%% (44) (11)

@ Linear Response  Scheme [Grossg kohn, PRLSS, 9850

(1785) 1
Ve w) = [Frfaemrsi w) sn;w) (12
[ﬁé"mr::w) = UghTw) ~ AT W) — -1 i)
W) Gad dirs
YorTTGW) = = ‘ wrzger e e f) #4)
(Local-density Approximation )
FLmriw) = Sa-1) af;gcq: 0,w; 1) ) (15

where & w the funclion in homegeneoua electon Liquids.

> <<F€aSIb|LIJC)/ of the DETISfi)/ ~funchional D namics 2>

() Sofar, ho approx LS vncluded; everyﬂwmg s exacl

(i) Sham& Schliiter applied the sfallo version of Fq.(8) with the Jowest-
order Sx = £ To  semiconduclors and  hawe sofved U dpproxumately.
In the same level of approx, DFD will be afso feasble.




Time - dependenﬁ Density-fundl fon[aﬁ Theory:

Qao

Tt omeleslion, with spnor,; RIr) = gl!/j(r) Yotr) , Uir) = €e7T,

Fundamentals 989. 10.11
5. System

The Hamiltonion of the syslem s gwen by
) S R I c ) e T ) (4)
I = gjdfr%i(r) (-RvZ2m) Y-(r) (2)
L) = —éo%jdirjdfr’%(r) Loy Wir-19) B/ ) (3)
Vit) = [arr o st “4)

whene YEr) and Yir) are the crnealim and annchiahir gperalor
and UMmt) 1A an eJxTema.f field.

We defime a mapping G auch that
Gl UMt = ety = <dt) | Pty > (5)

where |Wt)> ia the slale whech saliafies

Leroet — Hib) 11¥et)> = O (6
with @ fixed tnikal conditiom,
M=) > = 1> (‘D

§. Invertibility Theorem

The -mappimg
G: {vmh) + et} = N t) (&
W one-fo-one , and therefore s wnverlible. Here, C(t) &S
2 e dependent comstant.
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(1)Prootl  [Runge® Gross, PRLS2,997 (199%) ]
Thie proof stales if the polential can be expanded info a
Taylor series  and of  Wat)- VWt) #£Ct), then the

corresponding densities Nint)— 7?,?7;2‘) # 0.
ponaing

(D) @ The following relabon can be derived
@60 2 Mmt)-Nmt) 1 = ([Hhm V- {’nmt)V(a@t)k[v(nt)-vcnt)]} (9)

i,

0 T, domstieie e equatiibn b enetitirs for T el i

JImt = <WwmlJm 1y > (10)
where J

Jn= 55| WrT k- [Fvn]ym | (1)

The ea.uo,t.b-rb‘ﬁrr‘ the difference In cumrent o qiven b}’
S -dtrt 1 = —& Gyl i, Vo-vipT >

= —g?n—ﬂ(‘nfo) \% 3@1—;[7;(7;7;)— VT, $)]

because Tmto) = <HIPMIY, > is common by assumphomn - Hygher
ordeT derivatives are derived 25
g : : /
&) it t)-J0sty)] = ~% <) A Vio-Vit,)] ’”’"’WE%V@% {0k
¥——._.“,—...—I
0
2 /
+ f—m Nmty) Vv (3%) LU ) - V(%) ]
and so on. The resulf IS
kad . g k
)" Unty-3trt T= Enoty v (@) et - vt ] )|

Combunimg B9.(12) and the continuily eguation ,

TRUTE) =i~ P Jmt), (1)

we get FEa.(9)




@ The Lhs., @ INEt-nrt], of Eq.@Q) annot vanish,
if eat [omy- V) 1 £ C.
~N
@ (reducto ad absundum 3 r
Assume V- [N t)VUTT =0 with L) # const. Then,
.f\
0= [or Ym V- InatyvUm ]

= F9f- NGOVUD ~ (g Nty [vuer)]?

If VUT) +afly off yapad@ , the st term is zero. The second
\Term connct vamish. // /

@ I UGt)- Unt) £ Cw), there i some k  where
(a/at)"[fﬂfmzﬁ,)-v?m%)l#at). Then, from Eq. @), (a/é?t)k+2[ﬂ(n'l§,J—n/(r;7b)]
+0. We have thua proved the ome-fo-one correspondence. //

(2)PYOOFZ [Ng& Sumgwi, PRLST, 2627(1987) ]
We duwide the density imfo  T(r) + 8N(GL). Tn shont
Time after t, , SNUBT) o small amd con be trealed in fimeon-

response scheme 2

y p "
snt) = jd?ﬂjtodt’%mr 3 MO UTED W
where
Vot TE) = kKot parH] D> (45

In the short- lume TE€qloN, Mre Com olso wae shoit-lme
enpansions,

(%) Y 3 {
Lot Tt =2, Lt%t?)_ (%) <LUtomy s HI, 0] % e
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Using the con'ﬁ«,m% eg;ua,tm (13), the finst ferm of the expansion
(S
At Tt) = % (T-t’)vr v I0e) 1] Dt/

f e
7= ‘%VT" < p(r)S(T'/-r) Nz g-—\[‘a‘g(r)t}&a-/)-}- %*(r)%_(r)] %"S(Té}’)%/

(17
Smbs‘t{t&b'ma E%.H"f) /n f:} I14) and sulatnadﬁ,}qj the same foe

Vint), we get

1
nt)-mitnt) = 2v.{nm vfr it [mt)- vini] | (i8)

Aot

There{b—be, unhess jédt’(t-t’) [V H- V51 = ) T ol smald
t where thuexpnsion i valid, 7Gt)-n'mt)#0 for somel . (Seg

(1)® fou the proof.) VUmT)= Vj;dt’tt-t’} LVtt)=Virt?3 comnot be Zero ot
all time t and all space point T . Becamae i we assume U tdemlizally Sevo, them

§. DGTYS ft)/ Function VE LWt = VIVH)-pnt)1 =0 fovall sphe-lia

Poivd 5 thia comlaadaits vﬁa.mw..rt“ vVt - Wivit)1#0

As a conseguence of the Wv&rﬂbiﬁ&g} A sometia T,

An arbinany  physical ME] i a functiomal of MUTT).

B ) ,_C_i_f) 'f(U(TJ'C)-TC(T.‘)_} specifies an exlernal foeld withim
time-depemdom® comslonh , and  the Homillomlom within a
factor Ne) , whwe Nia the Tlal numbed of chhona. It
therefoe. specifwa  the State withon a phase Ffactor, 1e,
vt rey = | Exp [0t)/R 1 1W> | ot) =Neeo § (19
Thia phase factor does wot emlin the expeclokion 12lue of
2y ?uam‘ut& 5 thua, Mty apecifies any expeclalion valuo

Mﬁuejg. 4




& Action Principle

The acton r}nTeg ral

t t
Al = Jrét@(wlbﬁam-‘r—u Yut> —jrc?gd?rnmt) VL) (0)
0 0
LS SMMU at the exact de/nsi'by, z.e/
2. =0 fn motr= GUML) 2

(@ Acliom imlegral ia AIaLban at the slate sabafies E9-(6) , so )
that o SToiCcnomﬂ at the erespov\dona nont). /7

8. Time-dependent kohn-Sham Scheme
le defime. the exchomge- covrelation (X¢) action through the
reloion
[eecutikaat-T-Utho> = [stcrosront-Tiper,
fgtfdﬂfdirumrm(rtma"’ t) — Axc 22)

Then, the Fulan eyumatim (21) becomes

. T)Edwkmuna/at—wm%Lo— Vefp (1) = 0 (22)
where

WR(Mt) = VW) + [Pruc-rnait) + Uxent) )
omd. tho xc poterlial Vzemt) ta defomed by

Vre (0t) = SAxe/STUTKT) (25)
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Fualion (23) i the same egualion for deferming Tumt) of
a T\crn-t/ntanact«)na .379Tem m  a field Vep(nt) . Therefore
(nt) . Jwen ly Sofvfmj the Foffowﬁnj cpaliona , Alppesimg
that 1> = 1T, @ vacuum> ;

{Eiﬂaa/at + Fvem - Vektt) 1 Yat) =0 (28)
ity & b% kot [° @7)
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Density-functional Theory 1969, 10. 10
3. Definitions
The Hamiltonian of the syslem ia given by
S =4 S Uk i) (1)
dhie Jd’f%fcr) ~Rv2m ) Y .(r) (2)
U = Lz ferferodlauer duadd.o €))
Vi) = far pr) v t) “)

where YLa) and ¢ @) 2re the crawn and anmchidaliom operalors
of an electon with spin o, PI) :5%7:{7‘)(/3(7")} Ur)=eYTr, and
Vmt) i on exlernal fielddl.

We split the Hamilloviam (1) imlo two Pa“f‘tsj

HE = T e | o e Vi)~ V) ] (5)
= Ho ) 5 Hy (t) (5b

Here,
{Vegs(t) = | P Vet )
Uepmt) = Vwt) + [FrumtInat) + Upetnt) (7)
where the e/xchange—corraé'aﬂbn (XC) PoZénW UeGt) 4 gwen b/v
Whet) = oA £8N(TTE) (8)

with the XC ackon AxC defimeol dn’cwgfb ﬂk? Teéaﬂé-m
%
AL Jt. dt <) [vhagt— Ht) 1) > . ()
te t :
= L dt <t fikdet-TIHMORz2 , = L gtjd?rnm%)mz‘)

(it
-5 J,ot)om jor wmmam M t) — Axc., 9b)
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M) = <H|PM)IHE) > i the density expectalion value.
Accooling by , Hyt) s gwen by
{H,(t) = U - Jerpmwmt) (10)

Wmt) = |FrUrrfINet) + Usemt) (1)

§ Action Integral,

o anaﬁyze the shweline of aclion ) if 1 convenient To exlendl
the time region (i>tr) to the Keldysh closed tome path (-t~
t.). [ For the closed time path formalism, see for exomple, Chou et al.
Phys. Rep. 118, 4 (1%85). ] Acwloamj.é)t) the exlended action i
gwen by

A jpdt AU |0t - HH 1B > 1)

where p denoles the imlegralon over the closed time path.
We here imloduce a dimensionless coupling conslan? A auch
that
HE) = Hy®© + X H, ()
then we can show that L Reuckert, J.Phys. Ct1 4945(1976 )]

]
A — AZ,'-:O = *JOdAJPdt<2}’(UIH1(UW’(T)> (14)

(Generating Functional )
To proceed further, we imboduce the generdling functimal
W as L see ?oxe,xampﬂe, Chow et ab. (’85) ]/

W=—/(2) InZ (15)
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NATIONAL

7. = t(SP) ()
Here, B w the stalislwal operalor-, and the scatterimg matuy
S s gwen by

S = Tp exp [—%bg cHJcH’ ROl TR LN (17)

p P

where 1= 5’:,1?), Tp o the 'G/‘me—mdzrmg operalor on the closed time
path, and the subscrept H wmdicates the Heisenberg represenlalion.
We can denwe the followiry expression for W,

11
W= Walg. = EJOdAJPdt <H1(T)>2/ )

where  the expecfaﬂim value Here is given b)/
B> = 7 i TiB w516 (%)

thua coincidea  the Ph{sicaﬂ, expectalion value when Pa,1) = 0.
Comparing  Egs. (#4) and (18),

A — A71=O — 2L (W_-M/)\=0) (20)

8. Analysis of the Generiling Functional
The  single-particle Greers funclom (GF),
S4,1) = = (/2) =<Tp [ 24131 > (21)
W genevated from W by the fumclional der;‘va&'vej

%\?{TT) B S 99)

The verlex funmctwonal 7 ia  then defoned. 3as
p s n 74 / /
7181 = Wil fpdfjlglf Ju0dd 1) (23)
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“Then, usimg Eg.(22),

R /
898“}1’) = T Cbﬁ)f) (2171)
(Functionall Representation for W )

Using the egualion of molon for G, we can derive the Dyson
equation

gl = Slan - Kloud - Sah (25)
Here,

S5 1) = L1961 + FvZam -+ Ves ) 1 SpH.A") (2)
Y A= Tl AD = R wwr - w6, 2m@ 1 8p6.1) @7)
el )= =251 3 2)575, 1) (28)

where  Spi) = S Spi-5) i the dells funclion on the closed
tome path, UA,2) = UG-13)Sph-G),

P ))-1 v
AU 500 = S50 mi%" P05 §<TUP$H)LPGH )] >/ (29)

and the bars yndicate the GanyraTcon over the imdices .

ComPaT‘i”j Eqs. (24) and (25), we get

7= "Rt linS-59 +11 + k= (50)
where tTr@ = a@ ) and
S48 = S A (31)

Using Egs. (23) and (30),
W=hrlhS~-25 1% K3 (32)




_ |where we have used Eg.(25). Su,bvlacwng from Eq. (32) the
corresponding expression with A =0 . and  decomposing the self-
erergy  accoding to Bq.@7, we obtain for PH,1) =0,

W-Woep = RIrLIn(S/5,) -5 G+1 ]~ WAMD +324 G 2)TUTITUD)

+ e (33)
where
§Z.. /58d4) = 31D (34)
§ The bxchange Correlalion. Action
The x¢ action

Axc= —A+ [dt Goltant-Thoys ;- V) JUTDRHTE)  GS)

15 calodatedl from Egs.(33), (20), and nolimy that

Areo = Jat<kmlmaet-T #oge ) - D Up@) (36)
as
Axc= =20 tr[In(5/9,)=G1G +1] ~20 54 (37)

DbagTammauca% , Dxe correspordsTo all the closed, conhec'tml}
skelton, graphs, ex cluding the W~field anol HarbweTouns, ie.,

Q@Q +“;;;@.

Thia expression 1 a generalizmbion of that for Exc in the slale
case by Gham [PRB32, 387 (1985) 1.
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8. The Exchange Correlation Potenlia/
We now take the funclonmal derudioe of Axc to gt Uxe(d).
To do SO, we first nole that

AT i
89117 W=lh=ol =0 o

Trom Egs. @3, @5, and (27, for the syslem P17 = 0. Then,
Consider the change SUesr(d); W-Wa=p changes ondy throush, the
explich dependence of Jo(L1) om Vesrd) (see E.@) ), becauseof
the variatonal primccple (38), L6,

SAxc = =—21[94,1) - SoTTVI SVet(7) (52)

= M) ~T(D 1 SVetr(T) (3%)

From the definitiom of Vetftd), M) =7,), 4o that SAxc=0.
Usimg the Dysom equation ; §=8 15035 (see B.(z5), thia
AJZzICo—nal’c% W rewritten, m the form

So .82 (33)5(5,1) = .0 (“0)
or,  decomposing 2123) accmdizry o Eq.z7),

Ve G 12DG(31) = HGHHDZ((53)5(51) ()
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(Physical Represenlation of Uke(t) )
We now defime the physical GF$

Gr1) = =(1/2) Ot-t) T <14%t), Yi} > 42)
SathA) = (/2) 8 G=H)Z < {%t), BIHII > @)
SWdT = LG YD “4)

In partiewdwe , the zeroth order GF’a ane expressed in terms of
the Kohn-Sham stales Y t), as

Jor 1) = =1 Ot = H,(1) % (1) “5)
Goalif) = 1Ot H) = hd)h*) (#)
Soc 1) = -1 2 KW -2f;) “47

where ;o w the oceupation number of ith stafe.
The rewriting of Fy.(H) wsong these funcliona W alzoghl

forward ; the resudt ta

Ve ) = —22 770D [ F @551 EH SED)
Hohs £ 68 i gosticd ) 48
here
T, 2)= -2k [ G0.25%91) +3562] “9)

Note that the causalily i oaundomalically guarnleed ; i€, o
colewlste Ve (1), we Have only to know the KS slales #(rt)
W G,
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s. Correlation-function Representations
From Egs. (14), (29), and (35), awe have

A= -8 j A UTD U2
= Jodﬂ\ UAD [IMOHMZ) -ThHNAE) ]

{ . - |
- fo dx W) [ (1)~ () ] &0

Here, (4,2) = XP411;212).

Since MA)-MNU) =0 both for A=0 and 1, the fast Two
ferms on Eg.(50) Aeemd unimporlomt; the most ymportomt term
for Uxc(1) i then, by differenlialing Eg.(50) wrt. M),

= i T i =~
Vret) = & Sodx W@ AN 3553 N E A1) (50

or, by physical Tepresentalion,

Vet) = L[ DUEHAIEE; 570715 1) 59

Eguat.bn (52) ta an extentwn of the Stmidae exPTessEmz
by Ng [ PRB3Z, 7747 ( 1957)1 to time-dependent DFT.




